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ENVR 640/FALL1996 Assignment Due:  24 Oct 96
Homework #1


OBJECTIVES:
1)  Practice analyzing flow lines
2)  Gain appreciation for numerical flow models


ASSIGNMENT:
1)  Determine the minimum flow rate necessary to capture all flow lines between pumping wells for 2-D


pumping problem.
2)  Determine if boundary condition assumptions have been violated.


SCENARIO:


1)  2-D flow field, 92 ft x 49 ft
2)  Homogeneous, isotropic, confined aquifer
3)  Constant head boundaries on Y-axis ( x = 0 and x = 92 ft)
4)  No-flow boundaries on X-axis (y = 0 and y = 49)
5)  3 pumping wells located at the following coordinates:


x = 51 ft    y = 10.4 ft
x = 51 ft   y = 24.5 ft
x = 51 ft   y = 38.6 ft


Hydraulic Conductivity: 2.35(10-4) ft/s
Aquifer Thickness: 65.6 ft
Boundary Conditions:


These represent regional aquifer behavior and not physical barriers or surface waters:
 h = 1.575 ft @ x = 0 ft


        h = 0 ft @ x = 92 ft


APPROACH:
1)  To run XFLOW on your own computer:  Copy the XFLOW numerical groundwater model loaded


under K:\ENVR640.  Copy the entire XFLOW directory to a floppy disk and transfer to a hard drive
first before running XFLOW.   Make sure you rename the files with the original file extensions.
Because the K: dirve is a UNIX platform, the *.site, *.chem, and *.trans extensions are shortened.
These need to be restored for XFLOW to work properly.  The correct directory structure for XFLOW
is also required for the program to execute.  The XFLOW directory must be loaded under the root
directory (e.g. C:\XFLOW).  Further details are contained in the “readme.doc” file.  XFLOW  will not
run from the K: drive or from a floppy drive.  XFLOW requires Windows 95 and recommends a
Pentium processor  with 12 MB RAM although a lesser system will probably work too.


49


92 ft


No Flow


No Flow


Constant
Head


Constant
Head
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2)  To run XFLOW on the ENV computer:  Copy the input file, hw1.xfl, to a new filename ____.xfl.  You
will also need to copy and rename the hw1.trans, hw1.chem and hw1.site files to the same prefix name.
Restore the original file extensions.  Run simulations from you own input file.


3)  Run the executable file “XFLOW.EXE”.   Select OPEN under the FILE menu on the opening screen
and open “hw1.xfw”.   Click “OK” on the warning for the default values.  This file is already set up
with the proper flow field dimensions, hydraulic conductivity, and boundary conditions.  Wells are
already placed at the given coordinates but are inactive.


4)  Under the PLOT menu, select HEAD.
5)  Under OPTIONS select SIMULATION STATUS and drag the window to a convenient location on the


screen.   Move the mouse to points on the flow field and observe the respective X and Y coordinates
reported on the status window.  The Z coordinate is reported as the head at a specified location.


6)  Turn wells on by clicking on the respective well and selecting PUMPING under the well type on the
well  information screen.  Provide the flow rate for the well and select OK.  XFLOW redraws the head
contours.


7)  Select STREAMLINES under the PLOT menu to determine the effect of the flow rates you selected for
your wells on the capture zones.  Click at points on the flow field to have XFLOW draw the streamlines
in.  Select ERASE STREAMLINES under the PLOT menu to have XFLOW remove old streamlines
after flow rates have been changed.


8)  When you have optimized the pumping scenario, WRITE DOWN YOUR RESULTS.  Because this is a
demo version of XFLOW, you cannot save the file or print results directly.  However, you can perform
a screen capture to save the image of the optimized flow field with head contour lines and streamlines
using “print screen”  on the keyboard.  Paste this clipboard image into a WORD document and crop to
a suitable size as in Fig 1:


Fig 1: XFLOW Screen with streamlines and head contours


You can use the drawing tools in WORD to add text boxes next to the wells to identify well names,
locations, pumping rates, and heads.  Identify the wells and summarize the pumping information in a table.


WRITE UP:  I am looking for ~ two-page typed discussion of your results and approach to the problem.
Discuss how you arrived at the pumping rates and final optimized solution.  Do you think the no-flow
boundaries affect your solution?  How did you assess this?  I encourage you to use XFLOW,
superpositioning, and/or other tools to further investigate head contours, flow lines, and boundry conditions.
Be creative!


PRESENTATION:  I will pick one person to present results on the assignment due date.
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Objective:  To explore unsaturated flow concepts using the model WATERFLO.


On your K drive should be 3 files: WATER.BAT
WATERFLO.EXE
SOIL.S


WATER.BAT is a batch file which will run WATERFLO from your PC.  SOIL.S
contains water saturation curve and unsaturated conductivity data for 4 soils.
WATERFLO is not a multiuser program, so only one of you can run it from the K drive
at a time.


Specific Objectives:


1.  Create a plot of water saturation with depth for a static case (zero flow) and a shallow
water table (try 3 - 10 m), and compare this to the water saturation curve.


2.  Make it rain.  Plot inflow at the surface (infiltration rate) versus time.  Do this for
various precipitation rates and discuss your results.


3.  Investigate water flux to a shallow water table from a rainfall event.  Consider the
cases of net flux to the atmosphere = 0 (no evapotranspiration) and net flux to the
atmosphere = some reasonable ET rate.  (Note: ET rates are important after the rainfall
event is complete!)  Note:  Try a shallow water table for this problem (depth < 1m).


Hints:


I suggest you use either the Yolo clay or the Cobb loam (or invent your own!)


You will probably do better if you consider these problems as separate problems rather
than one continuous problem.


WATERFLO should do all the individual graphs for you by print screen.  However, I
have had trouble getting this command to work on the networked computers at AFIT.
You will have to combine graphs by hand.  You will have to play with the program
settings to get the scales and the computational intervals that you need.


A key to doing this work is setting the initial and boundary conditions!  Think about what
they ought to be!


Date Due:  22 Nov 95


You will be graded on: (1) your ability to identify and solve the problem (2) your analysis
of the results (summary and discussion), (3) extra credit for innovative lines of inquiry,
interesting approaches, etc.   Item 2 is the most important.
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Due 7 Dec 96


Objective:  To understand various components and parameters in the solute mass
transport equation.


Task:  Your task is to run some FORTRAN solute transport models and compare the
breakthrough curves for both (1) the different models assigned and (2) sensitivity of
important parameters within the models.  Your write-up should emphasize interpretation
of the results.  Values of input parameters (including ranges of values to try for sensitivity
analysis) are up to you, but you should be able to defend your choices.  You will also get
to present your results to the class at our last meeting on 6 Dec.


Assigned Problems:


Name Assigned Problem Models
Compare Solute Loading Functions 1,2,5,5a
Compare Loading from vadose zone to
loading from saturated zone


1,2,8,9


Investigate solute decay and production 1,2,11,12
Investigate sorption, including equilibrium
and rate limited sorption.


2, 19a


Compare 1-D and 3-D solutions 2,23
Notes:  Model 5a is a pulsing source.  Model 19a is the two-site sorption model; if F = 0
it becomes Model 19, and if F = 1 it becomes Model 20.


The written assignment may be done individually or with the other person working the
same problem.  The presentation in the class will be done with the other person who has
also been assigned that problem.


The Models:


The models were developed by Dr. Kirk Hatfield from Univ. of Florida.  They involve
several steps:
1.  Define the model governing equations and boundary conditions.
2.  Transform these equations into Laplace space.
3.  In Laplace space, the time variable disappears, and the equations can be solved
analytically.
4.  The Laplace solution is transformed back into real space.


The hand out does steps 1-3 for you.  Step 4 is done numerically by a FORTRAN
program.  I have given you compiled models and sample input files that do step 4.  You
will get an ASCII file with the tabulated output data, which you can plot using EXCELL
or MATHCAD or whatever.
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Procedures:
• EDIT the input files (in*.dat) files to create the input parameters that you need.  You


can do this in NOTEPAD or any text editor.  You can enter a range of time and space
locations for the model to solve for resident concentrations.  You do this by giving an
initial time, a final time, and the number of times to be calculated.  If you enter:


 
  0.  10.   11
 
 you will get solutions for t = {0,1,2,3,4,5,6,7,8,9,10}.  Space parameters work the


same way.
• Run the program (model*.exe) by typing the model name and pressing enter at the


DOS prompt, or clicking on the file name in FILE MANAGER.
• The programs are set up to ask you the names (10 characters) of your input and output


file as it runs.  Import the data from output file (ASCII) into EXCELL or MATHCAD
to plot.


• For the output filename, you need to make up a  new file name that does not currently
exist in your directory


Hints:
• Dr Hatfield used slightly different notation than what I use, in particular he uses “v”


for Darcy flux.
• If you try to solve for t = 0, the program will bomb.  I have tried to put in a “fail-safe”


switch to solve for short times that are slightly greater than zero, but in doing so I
assumed you would always be solving for more than one time step.  Also, sometimes
the programs will bomb when the concentration is too near zero.  If the program
bombs, try to adjust your input parameters to avoid solving for times/places where
either t or C = 0.
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HYDROLOGIC CYCLE:


1.  Cartoon picture  (AH: fig 1.4)
2.  Schematic with outline of part we are interested in. (AH: fig. 1.5)


IMPORTANCE OF GROUNDWATER (why do we care?)


1.  Earth’s water budget (AH: sec. 1.3):


Oceans 97.2%
Land-based 2.8%
Atmosphere 0.001%


2.  Land-based water budget:


% of total % of land-based
Ice-caps and glaciers 2.14% 72.7%
Groundwater (to 4000 m) 0.61% 22.0%
Soil moisture 0.005% 0.18%
Fresh water lakes 0.009% 0.32%
Saline lakes 0.008% 0.29%
Rivers 0.0001% 0.004%


3.  Fresh water use in US (two graphs, AH: figs. 1.1 and 1.2)


4.  Potable water treatment requirements:


Groundwater: disinfection/softening
Surface water: disinfection


flocculation/sedimentation (remover particles, color)
filtration (remove more stuff)


5.  Regulations:  CERCLA, RCRA, UST, etc.


GEOLOGIC TERMS (Bear, Fig 1.1.3):


Aquifer:  Geologic stratum that contains and yields “significant” amounts of water.


Aquaclude:  Geo. stratum that contains water but cannot transmit it in “significant”
amounts.


Aquatard: Geo. stratum that contains water but can only transmit the water slowly.
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Types of  Aquifers:


Confined/Unconfined: - unconfined = potentiometric surface = water table
Leaky: aquifer confined by aquitard
Artesian: potentiometric surface > ground surface
Perched: discontinuous, above vadose zone.
Consolidated/Unconsolidated: sandstone vs. sand
Fractured/Fissured: solution cavities (karst) or fractures (basalt, granite)


Potentiometric or piezometric Surface: elevation that water will rise in a well


Vadose Zone:  Portion of aquifer where pores spaces are occupied with water and air
(unsaturated zone).


Capillary Fringe: saturated zone above water table due to capillary rise.


Soil: - unconsolidated material.
Agricultural def:  “Top soil” or tillable material (limited to a few inches from


surface).
Soil Science def:  Mineral, organic, water and gas phases (soil ≠ solid matrix),


including living organisms, to include all unconsolidated material from surface to bedrock.


Aquifer Material:  Solid matrix of aquifer (mineral and organic).  May be consolidated or
unconsolidated, usually has low organic content.  Used to differentiate from agricultural
definition of soil.


POROUS MEDIA DEFINITIONS:


Porous Medium    A heterogeneous system of voids and solids.
solid: persistent presence (hint: REV) (Bear)


can be organic or inorganic (Rao)
can have reactive interfacial boundaries (Rao)
relatively high specific surface area (Bear)


pore spaces: at least some must be interconnected (not isolated) (Bear)
random distribution (various sizes/shapes) (Rao)
relatively narrow size openings (hint: capillary pres.) (Bear)


Representative Elementary Volume (REV):  Concept that allows us to treat a
discontinuous, multiphase system (i.e. a porous medium) as a CONTINUUM (allows
use of differential equations).
indifference: REV is indifferent to the property of interest (n, K, etc.)


Select an REV that is sufficient for all properties.
invariance: REV req’d for the property is the same in space and time
insensitive: Any method used to measure the property requires the same REV


[graphic Dominico and Schwartz, fig 3-16, 3-17].
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Porosity:  n, ε =  volume voids/volume of media (AH: table 4.3; Dominico & Schwartz,
tables 2.1, 2.2)


Effective Porosity: n, ε =  volume of interconnected  voids/volume of media


Bulk density (of solid phase): ρb = mass of solids/volume of media (unit: M L-3)


ρb  = ρs (1 - n)


Saturation: S = volume of water/volume of voids
S = 1 = media is completely saturated with water


Water Content: θ = volume of water/volume of media
θ = n S
θ = n = media is completely saturated with water


Hydraulic Head: h = Total energy/weight of water (unit: L)


h z
p


g
= +


ρ


Fluid Flux or Darcy velocity: q = Volumetric flow rate/Cross-sectional area of media
q = Q/A = v n


SCOPE AND ASSUMPTIONS FOR THIS CLASS:


1.  Incompressible Fluids {usually}


2.  Nondeformable solid matrix (no shrinking or swelling) {usually}.


3.  Fluid phases:  water, air, NAPL
Cover water flow and solute transport
Won’t cover air and NAPL flow (storage only)


4.  Scales:  Microscopic (pore) scale
Macroscopic (Darcy) scale  ⇒ this class
Megascopic (field) scale
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TERMINOLOGY AND DEFINITIONS (from Rao, 1992)


Porous Medium:  A heterogenous system, with presistent solid matrix (mineral and organic constituents)
and containing a randomly-distributed, multiply-interconnected pores or voids of a broad range of sizes,
shapes, lengths, and arrangements.


Fluid Phase:  The fluid phase(s) contained in, and flowing through, the voids may be liquids or gases.
Each fluid phase is considered to be homogeneous.  The liquid phase may be an aqueous solution or
water-immiscible liquid (usually referred to as a nonaqueous phase liquid [NAPL] or organic immiscible
liquid [OIL]), and may contain dissolved (organic or inorganic) components.  The fluid phases may be
distributed such that each phase may be discontinuous.


Components (Solutes):  The components of interest may be organic or inorganic.  They may or may not
interact with each other and/or the solid matrix.  Thus, the components may be distributed in both the
solid and fluid phases.  These components may be subject to various biotic/abiotic transformations, which
produce by-products, which are also of interest.


Continuum Concept:
• the real, discontinuous porous medium is replaced by a hypothetical, fictitious, but representative


continuum.
• the macroscopic properties of the continuum are measureable and are differentiable over some


specified domain (area or volume).


lim
( ) ( )


x x
P f x


→
=


0
0


• the macroscopic properties are defined over a Representative Elemetary Volume (REV) or a
Representative Elementary Area (REA).


• REV (or REA) choice is based on the following criteria:
• Indifferent to property (i.e., the chosen REV must meet the minimum size for all properties


of interest).
• Insensitive to method (i.e., REV choice must be independant of experimental technique used


to measure the properties).
• Invariant to space and time (i.e., REV must be the same at all locations within the domain as


well as in time; however, this does not imply that the domain is homogeneous).


The various spatial scales of interest and the corresponding flow equations used are listed below:


• Microscopic (pore) scale:  Navier-Stokes-Poiseulle equations.
• Macroscopic (Darcy) scale: Buckingham-Darcy-Richards equations.
• Megascopic (field or aquifer) scale:  Stochastic subsurface hydrology concepts.


REV


heterogeneous


homogeneous
Property, P
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POROSITY: (See AH: chapter 4.2; Dominico and Schwartz: chapter 2.1)


Total Porosity = void space
= part of medium not occupied by solids


Two types: Original or primary porosity:  created during “rock” formation
Secondary porosity:  fissures, joints, fractures, solution cavities, karst


Rock Texture and Porosity: (AH: Fig 4.2; Dominico & Schwartz: Figure 2.1)


Well Sorted High Porosity
Poorly Sorted (Well graded) Low Porosity
Soluble Limestone High Porosity


Porosity, n = V(voids)/V(total)


Ranges of Porosity: (AH: Table 4.3; Dominico & Schwartz: Table 2.1)
Sand 0.25 - 0.5
Clay 0.4 - 0.7
Karst Limestone 0.05 - 0.5


Effective Porosity:  neff  ≤ n       because all pores may not be hydraulically connected


caused by: 1.  Dead end pores
2.  Unconnected pores


Total and Effective Porosity are related to grain size


Sample Size or Volume


0.1


0.2


0.3


0.4


0.5


Porosity


Grain Size
(mm).0001 .01 1 100


clay silt fine
sand


Total Porosity


Effective
Porosity


coarse
sand


gravel
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DEVELOPMENT OF WATER FLOW EQUATIONS:


Start from MASS BALANCE:


∆ Storage = Mass in - Mass out
 = Σ Mass flow across unit volume


± sources/sinks “within” the unit volume


Describe water mass balance in a porous medium
using differential equations:


Assumption #1:  Water is not created or destroyed
(sinks and sources = 0)


Why would sinks/sources ≠ 0?


VOIDS SOLIDS


Air


Water


ρρqxi(xi) ρρqxi(xi + dxi)


dxi


Mass of water
“created” or
“destroyed” inside
the unit volume
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Mass of water in storage = ρw n S dx dy dz


where:
ρw = density of water = mass water/vol water
n = effective porosity = vol voids/vol media
S = water saturation = vol water/vol voids
θ = volumetric water content of medium = nS
dx dy dz = volume of media


( ) ( )∆Storage
t


nS dxdydz
t


dxdydzw w= =
∂
∂


ρ
∂
∂


ρ θ


units:  Mass water/time


__________


Mass in - Mass out = (∆ flux across volume)(Area)


Mass flux of water in = ρwqx(x)


Mass flux of water out = ρwqx(x + dx)


 = 
( )


ρ
∂ρ


∂
∂ ρ


∂w x
w x w xq


q


x
dx


q


x


dx
+ + +


2


2


2


2!
...


 ≈ ρ
∂ρ


∂w x
w xq
q


x
dx+


qx(x) = water flux in x direction (at x)
dy dz = Area perpendicular to x


Assumption #2:
Describe change in flux
with truncated Taylor
series expansion.
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Expand flux terms for 3 directions:


ΣΣ Mass Flow In Out
Direction x ρ q dydzx ρ ρq dy dz


d


dx
q dx dy dzx x+ ( )


Direction y ρq dx dzy ρ ρq dx dz
d


dy
q dx dy dzy y+ ( )


Direction z ρq dx dyz ρ ρq dx dy
d


dz
q dx dy dzz z+ ( )


Assemble equation components and divide by dx dy dz:


GENERAL MASS FLOW EQUATION FOR WATER IN
POROUS MEDIA


∂
∂


ρ θ
∂
∂


ρ
∂
∂


ρ
∂
∂


ρ


ρ


t x
q


y
q


z
q


q


w w x w y w z


w


( ) ( ) ( ) ( )


( )


= − − −


= −∇ •
v v


z


x


 y
dx


dy


dz


q
d q


d z
d zz


z+


qz


qx


qy


q
dq


dx
dxx


x+


q
d q


d y
d yy


y+


Also known as the Continuity Equation
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How do we solve the equation (usually can’t measure flows):


1 Equation, 5 unknowns (θ, ρ, qx, qy, qz)


( ) ( ) ( ) ( )∂
∂


ρ θ
∂
∂


ρ
∂
∂


ρ
∂
∂


ρ
t x


q
y


q
z


qw w x w y w z= − − −


TO SOLVE, we must either:


1. Write all variables in terms of a single variable, hydraulic head, h, or


2. Eliminate certain variables by simplifying assumptions/conditions.


Variable Simplifying Condition f(h)
ρ Incompressible fluid


ρ = constant Specific Storage


θ
n Nondeformable medium


n = constant
Relationship


S Water saturation doesn’t
change
S = constant (e.g., S = 1)


Water Capacity
Curve


qx1 none


qx2 1-D flow problems
qx2 = 0


Darcy/Buckingham
Equation


qx3 1- or 2-D flow problems
qx3 = 0


OBJECTIVE:  Recognize the flow equation in its various forms,
and understand the assumptions/conditions required for each form.
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What is HYDRAULIC HEAD? h = Energy/weight (L)
    = Represented by height to which


water will rise in a well


Total Energy = Potential Energy + Kinetic Energy


Type Energy
(FL)


Energy/volume
(FL-2)


Energy/Mass
(L2T-2)


Head (L) =
Energy/Weight


PE
(Elevation


)


mgz ρgz gz z


PE
(Pressure)


PV P P


ρ
P


gρ


KE 1


2
2m v


1


2
2ρ v


1


2
2v v


g


2


2


GW velocity are very small, therefore KE is neglected


Rise of water in a well represents PE.


h z
P


g
= +


ρ


reference elevation


h


z


P


gρ


v


g


2


2 Confining
Layer
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DARCY’S EXPERIMENT:


Darcy’s Law:  Flow is proportional to head gradient


Q


A
K


h h


L
= −


−2 1


q K
h


xx = −
∂
∂


where: K = hydraulic conductivity (L/T)


p


g
2


ρ


L


z = 0


h1


z1


p


g
1


ρ
h2


z 2


h2 - h1


Q


Q


A
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LIMITS OF DARCY’S LAW:


Darcy equation applies for LAMINAR flow.


Rewrite Darcy Equation:  ( )dh


dx K
q= −


1 1


General Equation:  ( )dh


dx K
q


m= −
1


Reynolds Number:  Re =
q dρ
µ


Most Groundwater Flows:  Re < 1 - 10, Darcian Flow


Some Groundwater Flows:  Re > 10. Nondarcian flow
(e.g., Karst fissure flow)


Darcy Eqn
Applies
m = 1 m > 1


q Re


−
dh


dx
−


dh


dx


1 - 10 100


Laminar
(linear)
Darcy
flow


Transitional
Laminar
(nonlinear)


Turbulent
(nonlinear)







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996 - Lecture 2 8


WHAT IS SATURATED HYDRAULIC
CONDUCTIVITY?


K = Measure of the ability of fluid (water) to move through 
porous medium


    → Units: L/T  (values:  see Table 3.2)
    → Increased K = increased flow


Ksat = f(fluid, porous medium)      K
k g


=
ρ
µ


Where:  k = Intrensic permeability (L2)
µ = dynamic viscosity (M/LT or FT/L2)


k = property of the porous medium
  = theoretically the same for any fluid (water, air, NAPL)


why not? 1.  Gas slippage
2.  Water reaction with clay minerals (clay swelling)


PROPERTIES OF SATURATED HYDRAULIC
CONDUCTIVITY:


1.  Uniformity: dependence on location (ln distribution)
2.  Isotropy: dependence on direction (grain shape/bedding)


Uniformity:  Homogeneous:  K(x,y,z) = constant
Heterogeneous:  K(x,y,z) ≠ constant


(K is not constant in space)


Isotropy: Isotropic: Kx = Ky = Kz


Anisotropic: Kx  ≠ Ky ≠ Kz   (K is dependent on 
direction)
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PROPERTIES OF SATURATED HYDRAULIC
CONDUCTIVITY (continued):


1. Homogeneous/Isotropic 2.  Homogeneous/Anisotropic


3.  Heterogeneous/Isotropic 4.  Heterogeneous/Anisotropic


CAUSES OF ANISOTROPY:


1.  Grain Scale:  Shape and orientation of solid particles:


Example:  Clay grains have flattened shape:


Increased conductivity parallel to platelet orientation.


Kz = 10 Kz = 10


Kx = 10


Kmin


Kx = 10


Kmax


Kz = 10 Kz = 10


Kz = 10 Kz = 10


Kx = 10 Kx = 20


Kx = 20


Kz = 5


Kx = 5


Kx = 20


Kz = 5


Kx = 10
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2.  Field scale:  Bedding


Heterogeneous (bedded), isotropic Homogeneous, anisotropic
media media


Bedding is the major cause of anisotropy


Convert heterogeneous, bedded, isotropic media to homogeneous,
anisotropic media → relationship between heterogeneity and isotropy:


K
b K b K b K b K


Bx =
+ + +1 1 2 2 3 3 4 4


K
B


b


K


b


K


b


K


b


K


z =
+ + +1


1


2


2


3


3


4


4


K1


K2


K3


K4


b1


b2


b3


b4


B
B


Kx


Kz
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Insert Darcy’s Law into continuity equation:


For now, assume : Incompressible Fluid
Nondeformable Medium
Water Saturated Conditions


therefore: ∆ Storage = 0; and: 0 = − ∇ •
r r


q


q K
dh


dxx = −
       (Darcy’s law in 1-D)


WRITE DARCY’S LAW FOR 3 DIMENSIONS


1.  Gradients can be in all 3 directions
2.  Gradient in x1 direction induces flow in x2 and x3 directions due
to branching pores.


q K
h


x
K


h


y
K


h


zx xx xy xz= − − −
∂
∂


∂
∂


∂
∂


q K
h


x
K


h


y
K


h


zy yx yy yz= − − −
∂
∂


∂
∂


∂
∂


q K
h


x
K


h


y
K


h


zz zx zy zz= − − −
∂
∂


∂
∂


∂
∂


Hydraulic conductivity tensor is symmetric:


Kxy = Kyx Kxz = Kzx Kyz = Kzy
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If we align principle axes with direction of anisotropy -
cross products go to zero


Kxx 0 0
[K] = 0 Kyy 0


0 0 Kzz


Incorporate Darcy Equation into 3-D Flow Mass Balance:


0 = − ∇ •
r r


q


1.  HETEROGENOUS - ANISOTROPIC (GENERAL CASE):


0 = + +
∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂x


K
h
x y


K
h
y z


K
h
zx y z


Kmax


Kmin


x


y


PLAN VIEW
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2. HETEROGENEOUS - ISOTROPIC


0 = + +
∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂x


K
h
x y


K
h
y z


K
h
z


3.  HOMOGENOUS - ANISOTROPIC:


0
2


2


2


2


2


2= + +K
h


x
K


h


y
K


h


zx y z


∂
∂


∂
∂


∂
∂


4. HOMOGENEOUS - ISOTROPIC:


0
2


2


2


2


2


2


2


= + +










= ∇


K
h


x
h


y
h


z


h


∂
∂


∂
∂


∂
∂


r


or, the Laplace equation (2nd order PDE).


What do we have?


Equation to solve for hydraulic head at any point in time/space.


What do we want?


Velocity vectors to determine direction and rate of contaminant
transport.


- Use Darcy Eq’n to get v from h(x,y,z) data.
- How?
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Groundwater Flow and Velocity Parameters:


1.  Fluid flux, q


(a.k.a.: Darcy velocity or seepage velocity)


Measures:  Water flow rate/Area of media


Units:  L3 water L-2 media T-1


2. Velocity vector, v   (v = q/θ)


Measures: Rate that a water “particle” moves through
space (“straight line”).


Units:  L media T-1


3.  True groundwater velocity, vact (vact = v τ)


τ = tortuosity factor ≈ 2 for saturated soil
Measures:  True distance water travels over time.


Unit:  L T-1


Under what circumstances would we want to use
each of these velocity parameters?
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FLOW NETS (AH: Chapter 5.11):


- Map showing lines of equal head and direction of flow.


1.  MEASURING HYDRAULIC HEAD:


Head = Elevation at well head - depth to water


Important Considerations:


1.  Screened interval of well (same aquifer? vertical gradients?)


2.  Time (transient conditions [e.g., recharge], tidal effects,
atmospheric pressure effects) - see fig 4.10, 4.11


3. Surveyed location of well (x,y,z).


reference elevation


h


Zwh
dw
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2. MAPPING EQUIPOTENTIAL LINES IN A HORIZONTAL
PLANE.


l


25


30


3 locations in a horizontal plane:
  - wells or piezometers
  - nodes from numerical model


All represent head at a location in
the same aquifer--no vertical
gradients.


26


21


34


26


21


34
30


30


25


25


Connect all points with lines.


Interpolate head values between
points.


Construct lines of equal head:
  - Pieziometric Surface
  - Potentiometric Surface
  - Water table elevation (surface    


aquifer only)


26


21


34
30


25


Construct flow lines crossing
perpendicular to equipotential
lines.


Calculate gradient along flow line,
(h2 - h1)/l.


Apply Darcy Equation to calculate
velocity.
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FLOW NETS:  Continued:


River


Landfill


Pumping Wells


Regional Gradient


Water Table


Cone of
Depression


Mounding
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Observe patterns in flow net:


1.  Equipotential lines closer together = steeper gradient
= increasing flow rate?
= decreasing hydraulic conductivity?


2.  Flow lines:  Converging = increasing flow rate
Diverging = decreasing flow rate


Demonstrate velocity vectors
Demonstrate solute transport path


____________


∆∆ Storage Term


Affected by 3 variables which may change with TIME:
Note:  z ≠ f(t)


1.  Water Density
Compressible Fluid, ρ = f(P) = g(h)
Incompressible Fluid, ρ = constant


2.  Porosity
Deformable Media, n = f(P) = g(h)
Nondeformable Media, n = constant


3.  Saturation
Unsaturated, S = f(P) = g(h)
Saturated, S = 1







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996, Lecture 3 5


∆∆ Storage Term


8 possible combinations - We will discuss 3:


CONDITION 1:  Incompressible fluid, nondeformable
media, saturated conditions:


∂
∂


ρθ
t


( ) = 0


Condition required for steady state.


Does it guarantee steady state?


What is steady state?


∆∆ Storage = 0 does not mean that flow rates, flow directions, and
hydraulic heads cannot change with time.


Pump


Confined
Aquifer
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∆∆ Storage Term, Continued:


CONDITION 2:  Compressible fluid, deformable media, saturated
conditions:


Specific Storage Relationship


( )∂
∂


ρ ρ
∂
∂t


n S
h


ts=


Consider:  Confined aquifer under pressure.  Relieve pressure by
pumping:


1.  Water expands slightly; density decreases.
2.  Soil grains “settle” or compress; porosity decreases.


Effects are combined in specific storage, Ss, (L
-1)


Ss   =  Vol. H2O released from storage Typical value ≈ 10-6 ft-1


(Vol. Aquifer)(Unit decline in head)


Note:  density is assumed not be a function of space, and drops
from the mass balance equation.


Insert in Flow Balance Equation:


Heterogeneous/Anisotropic:


S
h


t x
K


h


x y
K


h


y z
K


h


zs x y z


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


= + +
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Homogeneous/Isotropic:


S


K


h


t


h


x


h


y


h


z
s ∂


∂
∂
∂


∂
∂


∂
∂


= + +
2


2


2


2


2


2


CONDITION 3:  Incompressible Fluid, Nondeformable Medium,
Unsaturated Conditions.


To be covered in Unsaturated flow unit.


_________________


BOUNDARY CONDITIONS:


Mass balance equation lets us develop the GOVERNING
EQUATIONS for flow in porous media.


To model the system (i.e., solve the equations), we need to know
the boundary conditions:


1.  Boundary conditions in space:
Needed for both transient and steady state solutions.


2.  Boundary conditions in time (a.k.a. initial conditions):
Needed for transient solutions.


1-D Problem:


x


Need B.C. defined at
each end of line.


Need I.C. defined all
along the line at t = 0.
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BOUNDARY CONDITIONS:


2-D Problem:


TYPES OF BOUNDARY CONDITIONS:


- Flow equations are solved it terms of head, h
- Boundary conditions must be defined in terms of head.


1.  Constant head boundary:  h(x=0, y, t) = 20 ft.


Examples:
- Surface water (river, lake) with “constant” elevation
- Regional groundwater elevation at a location beyond influence of
local effects (e.g., pumping)


2.  Constant flux boundary:   
( )


∂
∂


h


y
x y t, ,=


=
0


0


Constant gradient = constant flow rate
zero gradient = no flow


Examples:
- Boundary parallel to mean flow direction beyond range of local
effects.


B.C. for all points
around the field


I.C. for every
point in the
field at t = 0


x


y
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3. Initial Conditions:  h(x,y,t=0) = f(x,y)


- Can use steady state solution for flow conditions prior to
application of stresses which cause transient conditions.


Questions:


Are boundary/initial conditions reasonable assumptions?


Do the boundary conditions remain reasonable throughout the
simulation?
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WELLS


OUTLINE:


•  Types/uses of wells
•  Well construction
•  Flow to wells


steady & transient flow
aquifer testing & hydraulic control
principle of superposition


PURPOSE:


1.  Wells are our tool to observe/control groundwater systems


2.  Illustrate principles of saturated flow with field examples


Types & Uses of Wells:
Type Use Diameter Screen Length
Piezometer measuring h 1 - 2 inches Short
Monitor Well water sample


analysis
2 - 4 inches cm (MLS) to


10 ft.
Pumping Well aquifer testing 6 inch + zone of interest


hydraulic
control


6 inch +


water
production


8 - 24 in. Long (> 100ft)
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WELL CONSTRUCTION (see CH: 8; Bedient et al.: ch. 5)


1.  Construction Methods:


Hollow-stem auger (continuous flights)
- up to ~ 150 ft.
- allows collection of soil samples
- preferred method for site investigations
- unconsolidated soils only


Solid-stem auger
- unconsolidated soils only


Cable tool
- good for observing cuttings
- up to ~ 150 ft


Rotary Methods (air/mud/water)
- good for depth
- mud necessary for heaving sands


Driving (shallow wells)
- no cuttings but cheap


Jetting
- high pressure water washes out aquifer material


2. Well schematic


3.  Well development


Purpose: - provide sand-free well @ max. specific capacity
- repair damage to aquifer
- prevent fine particles from entering the well


Methods: - surge water (move cylinder up/down well)
- add water down well/through screen/up borehole
- over pumping
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Explore solving the flow equation:


2 Scenarios involving radial flow to a well:


Unconfined Aquifer:


Confined Aquifer


m
h


confining layer


confining layer


Confining Layer


2rw


hw
h


h0


dhdr


Q


r
0 rw R


Q
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RADIAL FLOW TO WELLS:


• Work through equations for unconfined aquifer
• Show solution for confined aquifer


Consider 2-D flow in porous media:
Incompressible fluid
Nondeformable media


Continuity Equation:  ∆ Storage = Flow in - Flow out


∆ Storage n
h


t
dx dy=


∂
∂


Flow in =  qx h dy + qy h dx


( ) ( )Flow out q hdy
x


q hdy dx q hdx
y


q hdx dyx x y y= + + +
∂
∂


∂
∂


Net continuity equation:


( ) ( )n
h


t x
q h


y
q hx y


∂
∂


∂
∂


∂
∂


= − −


z


x


y dx dy


h(t+dt)


h(t)


qx(x+dx)


qy(y+dy
)


qx(x)
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Insert Darcy Equation:


n
h


t x
h K


h


x y
h K


h


yx y


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


= 







+










Assume: Homogeneous/Isotropic Media


n
h


t
K


x
h


h


x y
h


h


y


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


= +










Rewrite in terms of h2: h
dh


dx


dh


dx
=


1


2


2


n
h


t


K h


x


h


y
∂
∂


∂
∂


∂
∂


= +










2


2 2


2


2 2


2


Rewrite the equations in radial coordinates:


Radial coordinates:
h(x,y) → h(r,θ) → h(r)  [isotropic]
r = (x2 + y2)1/2


θ r


y


xθ
r
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using chain rule for differential equations:


(i.e.: ∂
∂


∂
∂


∂
∂


h


x


r


x


h


r
= )


n
h


t


K h


r r


h


r


∂
∂


∂
∂


∂
∂


= +










2


12 2


2


2


Governing Equation: Transient flow to a well in a water table
aquifer
Assumed: Radial flow (1-D)


Homogeneous, Isotropic conditions
Incompressible fluid/Nondeformable media
Media drains completely (if not; replace n with Sy)


Governing equation for confined aquifer:


mS
h
t


K m
h


r r
h
rs


∂
∂


∂
∂


∂
∂


= +










2


2


1


Confining Layer


2rw


hw
h


h0


dhdr


Q


r
0 rw R
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To solve the equation for hydraulic head:


1.  Do we want:
- transient solution [h(r,t)] ?
- steady state solution [h(r)]?


2.  Rewrite governing equation in terms of h using:
- analytical or numerical solution, and
- appropriate boundary/initial conditions.


Examine Boundary Conditions:


-  Initial conditions:  h(r, t=0) = h0


-  Boundary Condition 1:  h(r=∞ , t) = h0


-  Boundary Condition 2:  
( )


r
h


r


Q


K
r r tw


∂
∂ π


2


0= >


=
,


      if pumping rate, Q, is constant:  Q K
h


r
rh=


∂
∂


π( )2


**** Similar to the IC and BC’s used by Theis for transient flow to
a well in a confined aquifer******


What would be the difference for the confined case?


BC2: :  
( )


r
h


r


Q


Kmr r tw


∂
∂ π= >


=
, 0 2 m = aquifer thickness


Flow from well in confined aquifer,  Q K
h


r
rm=


∂
∂


π( )2
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Alternative choices of Boundary Conditions:


- Boundary Condition 1a:  h(r=R, t) = h0


where R = radius of influence of well
     = distance at which drawdown is effectively zero
     = (can’t measure drawdown ≤ 0.01 ft).


How to calculate R?
Empirical relationships:  R = 3000 (h0 - hw) K0.5


(R, h in m, K in m/s)


- Boundary Condition 2a:  h(r=rw) = hw (at steady state only)


Replace constant flux boundary with constant head boundary


Solve Equation for STEADY STATE:


Governing Equation: 0
2


12 2


2


2


= +










K h


r r


h


r


∂
∂


∂
∂


Can be rewritten:  0 = 







d
dr


rh
dh
dr


which is a second order ordinary differential equation which has an
exact analytical solution.


Use: BC 1a: h(r=R) = h0


BC 2a: h(r=rw) = hw
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Analytical solution to governing equation:


h = f(r, K1, K2)


Use B.C.’s to solve for K1, K2 in terms of R, rw, h0, and hw.


Steady-State Solution in terms of h:


( )
h h


h h


R
r


r
rw


w


w


w


2 2 0
2 2


− =
−


















ln
ln


- Solve for hydraulic head at any point.


Steady-State Solution in terms of well discharge, Q:


Q qA K
dh


dr
rh Kr


dh


dr
= = =









( )2


2


π π


( )
Q


K h h


R
r


w


w


=
−










π 0
2 2


ln


- Solve for pumping rate necessary to acheive a given
drawdown.


( )
Q


Km h h


R
r


w


w


=
−










2 0π


ln


Steady-state well
discharge equation,
unconfined aquifer


Steady-state well
discharge equation,
confined aquifer
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Solve Equation for TRANSIENT CONDITIONS:


3 choices: 1.  Numerical approach
2.  Theis solution
3.  Laplace transformation (?)


Numerical Approach:


Rewrite Governing Equation using numerical notation:


[ ] [ ] [ ]
n


h h


t
K h h h


r r


h h


r
r t t r t t r r t r r t r t r r t r r t, , , , , , ,


( )
+ − − + + −−


=
+ −


+
−















∆ ∆ ∆ ∆ ∆ ∆


∆ ∆ ∆2 2


2 1
2


2 2 2


2


2 2


Solve for hr,t+∆t using I.C., B.C.’s 1a and 2.


Theis Solution:


The Theis equation solves transient flow to a well in a confined
aquifer--flow area does not change with time.


m
h


Q


confining layer


confining layer
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Theis Solution (continued):


Governing equation is f(h), not f(h2).


Use I.C.; B.C. 1 and 2.


- Note, B.C. 2 is: r
h


r


Q


mK
r t


r r
w


w


∂
∂ π=


= → >
2


0 0, ,


results in:


s
Q


mK
W u=


4π
( )


where: s = drawdown at well, h0 - hw


W(u) = well function of u


- Okay for unconfined aquifer if s << m
- See AH: Ch. 7.4; Domenico & Schwartz: Ch. 5.2 for more details


3.  Laplace Transformation:


1. Convert governing equation to Laplace space (removes ∂
∂
h


t
 term)


2.  Find analytical solution in Laplace space to ordinary differential
equation (use I.C., B.C.’s as appropriate).
3.  Convert solution back to real space (can be done numerically).


Advantages: Possibly use better B.C. (don’t estimate R)
Not confined to Theis solution limitations.
Possibly faster than numerical approach.


Disadvantage: Difficulty finding analytical solution.







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996, Lecture 4 12


Now we have steady state and transient solution methods.


What do we do with them?


1.  Aquifer parameter estimation:
well flow tests to determine K


2.  Determine hydraulic head changes in response to pumping
hydraulic control capture zones


Determining Hydraulic Conductivity:


Need to estimate hydraulic conductivity, K:
1.  Lab: column tests (permeameter [Darcy’s experiment])
2.  Field:  slug tests (transient well flow problem)
3.  Field:  pump tests (transient or steady state well flow problem)


2.  Slug test:


Method :


- What governing equation/boundary conditions must be used?
- What are the limitations of this method?


Water
level
recorder


Water
level
recorder


• Displace water in well
with slug.


• Allow water level to
equilibrate.


• Remove slug from well
quickly.


• Record water level with
time as water flows into
the well.


Q
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3.  Pump test:


Draw down at well 1, s1 = h0 - h1


Theim Equation (unconfined aquifer):


( )s s h s s
Q


K


r


r2
2


1
2


0 2 1
2


1


2− − − =










π
ln


• Where did this equation come from?
• What are the boundary conditions?
• How do we conduct the pump test to determine K?
• What is the advantage of the pump test over the slug test?
• How can we investigate anisotropic properties of K?
• How can we investigate uniformity properties of K?


Solution for confined aquifer:


s s
Q


Km


r


r1 2
2


12
− =












π
ln


Confining Layer


hw
h


Q


r
0


h1
h2


r1 r2


Obs.
Well 1


Obs.
Well 2
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Hydraulic Control and Capture Zones:


Principle of Superposition:


When governing equations consist of LINEAR differential
equations, the effect on hydraulic head of several wells pumping
simultaneously is ADDITIVE.


• Are the following 2-D governing equations LINEAR?


Confined Aquifer:


∂θ
∂


∂
∂


∂
∂


∂
∂


∂
∂t x


K
h


x y
K


h


yx y= +


Unconfined Aquifer:


∂θ
∂


∂
∂


∂
∂


∂
∂


∂
∂t x


K h
h


x y
K h


h


yx y= +


If sw << h0 (draw down is small compared to saturated thickness),
we may use superpositioning for unconfined aquifers.  Note that
actual drawdown will be greater than that predicted by
superpositioning.
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Capture Zones:


• Superposition well drawdowns on hydraulic gradient.


Create final groundwater contours by subtracting drawdowns from
regional gradient.


Example 1.  Capture zone for a single well in a uniform flow field
using superpositioning.


Assume: h0 = 40 m
hw = 38 m
regional gradient, dh/dx = -0.01
K = 10-4 m/s
2rw = 0.2 m


Also: 2-D flow (no vertical gradients) in a water table aquifer
Incompresible fluid/nondeformable media
Homogeneous, isotropic aquifer
Steady state conditions


Confining Layer


Q


sr


regional hydraulic gradient


Down gradient
stagnation point,
net gradient = 0
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Example 1.  Capture zone for a single well in a uniform flow field
using superpositioning (continued).


Step 1:  Determine head contours for pumping well in x,y plane
[hpw(x,y)]:


Can use analytical equation:    
( )


h h
h h


R
r


r
rw


w


w


w


2 2 0
2 2


− =
−


















ln
ln


Need estimate of radius of influence, R:


R ≈ 3000 (h0 - hw) K0.5 = 3000(2)(10-4)0.5 = 60 m


Plug in values for h0, hw, R, rw; solve for hpw(r):


h r rpw ( ) . (ln ) .= +24387 150015


Can solve here, or convert to x, y coordinates: r = (x2 + y2)0.5


h x y x a y bpw ( , ) . ln{[( ) ( ) ] } ..= − + − +24387 1500152 2 0 5


where well is centered at coordinates (a,b).


Convert to drawdown from h0:  spw(x,y) = hpw(x,y) - h0


Note sign convention: s < 0 → h < h0


s > 0 → h > h0


See spreadsheet table for spw(x,y)
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Example 1.  Capture zone for a single well in a uniform flow field
using superpositioning (continued).


Plot of spw(x,y) with well centered at (x,y) = (0,0):


Step 2:  Determine head from regional gradient in x, y plane
(without effects of pumping):


d h d x
h


h


a


x


0


0 0 1∫ ∫= − .


h x y x a hrg ( , ) . ( )= − − +0 01 0


where h = h0 at x=a.


0 10scale, m


x


y


s = -0.5m


s = -1.0 m


s = -1.5 m
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Example 1.  Capture zone for a single well in a uniform flow field
using superpositioning (continued).


Convert to drawdown from h0:  srg(x,y) = hrg(x,y) - h0


See spreadsheet table for srg(x,y)


Plot of srg(x,y) with h = h0 at x = 0:


Step 3:  Construct final head field in x,y plane with effects from
both regional gradient and pumping.


h(x,y) = h0 + spw(x,y) + srg(x,y)


Plot head field, draw equipotential lines and flow lines to
determine capture zone.


Can expand the above procedure (add more s terms) to include:
- Multiple pumping wells
- Image pumping wells to create no-flow boundary
- Image injection wells to create constant head boundary


0 10scale, m


x


y


s = -0.1s = 0s = 0.1
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Alternate procedure for capture zone of well in uniform regional
flow field:


Align coordiate system so that regional flow is in x direction:


Determine “stagnation point,” or location downgradient of well
where net gradient = 0.


q K
h


x
Kirg = − = −


∂
∂


q
Q


A


Q


r h


Q


r mpw
s s


= = ≈
2 2π π


Stagnation point occurs where qrg = -qpw


where: qrg = flux due to regional gradient
i = regional gradient
qpw = flux due to pumping well
Q = pump discharge rate
rs = xs = stagnation point
m= average saturated thickness of aquifer


Alternate procedure for single well capture zone (continued):


Confined
Aquifer


Unconfined
Aquifer


x


y


Flow Direction


(0,0)
Pumping
Well
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Solve for xs:


x
Q


m K is =
2 π          note: xs < R


To describe the rest of the capture zone:


y
x


K m i
Q


y= ±







tan


2 π
note: y x


x s( )= = ±0
2


π


and: y x
Q


Kmi
( )= ∞ = ±


2


x


Flow Direction


(0,0)


Pumping
Well


y


CAPTURE
ZONE


xs


y(x=0)
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Alternate procedure for single well capture zone (continued):


y x
0 -30.49
1 -30.46


10 -29.37
30 -19.93
40 -10.57


47.9 0
60 25.2
70 62.1
80 140.7


Note:  signs jump around, beware!
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UNSATURATED FLOW:


WHY DO WE CARE?


Source term for contaminants entering saturated zone from
contaminants placed in the unsaturated zone.


Need to know mass flux of contaminants to saturated zone to
model contaminant transport in groundwater.


Contaminants in vadose zone transported as:
- dissolved constituents in infiltrating water (advection, 
dispersion, diffusion)
- vapor in air phase (diffusion)


Supplementary Reading:
Bear:  Ch. 9.4
Bedient, Rifai, and Newell:  Ch. 9
Corey: Ch. 1-5


Dissolved Plume


Waste Source
Vadose
Zone


Saturated
Zone
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UNSATURATED FLOW EQUATIONS:


Assume: Incompressible Fluid (ρ = constant)
Nondeformable Media (n = constant)
Air does not restrict water from filling void space
Principle axes aligned with media anisotropy


Continuity Equation (volumetric basis)


∂θ
∂


∂
∂


∂


∂
∂
∂t


q


x


q


y


q


z
x y z= − − −


Note that:  θ = nS


Since porosity, n, is constant, water content can change only when
saturation changes.


The Buckingham Equation:
- Extends the Darcy equation to unsaturated flow.
- Hydraulic conductivity, K, is not constant!


K = f(θ) = g(Ψ)


Remember:  Hydraulic head = pressure head + elevation head


h
P


g
z z= + = +


ρ
Ψ


Ψ = pressure head, or matric potential, or capillary head
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UNSATURATED FLOW EQUATIONS: (continued)


Buckingham equation:


q K
h
x


K
h
xx x x= − = −( ) ( )θ


∂
∂


∂
∂


Ψ


q K
h
y


K
h
yy y y= − = −( ) ( )θ


∂
∂


∂
∂


Ψ


q K
h
z


K
h
zz z z= − = −( ) ( )θ


∂
∂


∂
∂


Ψ


Insert into the continuity equation:


∂θ
∂


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂


∂
∂t x


K
h
x y


K
h
y z


K
h
zx y z= + +( ) ( ) ( )Ψ Ψ Ψ


Rewrite equation in terms of pressure head, Ψ:


( ) ( )


( )


∂θ
∂Ψ


∂Ψ
∂


∂
∂


∂Ψ
∂


∂
∂


∂
∂


∂Ψ
∂


∂
∂


∂
∂


∂Ψ
∂


∂
∂


t x
K


x


z


x y
K


y


z
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z
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z


z


z


x y


z
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














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

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








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
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
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



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



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UNSATURATED FLOW EQUATIONS: (continued)


Note that Specific Moisture Capacity, C( )Ψ =
∂θ
∂Ψ


Governing Equation for Unsaturated Flow = Richard’s Equation:


( ) ( ) ( ) ( )C
t x


K
x y


K
y z


K
zx y zΨ Ψ Ψ Ψ


∂Ψ
∂


∂
∂


∂Ψ
∂


∂
∂


∂Ψ
∂


∂
∂


∂Ψ
∂


= 







+











 + +


















1


Major Differences Between SATURATED and TRANSIENT
UNSATURATED Flow in Porous Media:


Parameter Saturated Unsaturated
Water content (θ) θ = θsat = n 0 < θ < n
Total potential, h


h
P


g
z P= + ≥


ρ
( )0 h = Ψ + z (-∞<Ψ<0)


Dominant force Gravity (z) Matric Potential (Ψ)
Driving Force ∂h/∂x ≅ order 1 ∂h/∂x ≅ order (1-104)
Hydraulic
Conductivity (K)


K = Ksat K = K(θ) or K(Ψ)
  Range 3 - 8 orders
  of magnitude


Flux (q) q = -Ksat ∂h/∂x q = -K(Ψ)∂h/∂x
Governing flow
equation


Laplace Equation
∇2h = 0


Richards Equation


( )[ ]∂θ
∂t


K h= ∇ ∇Ψ







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996, Lecture 6 5


INTERFACIAL TENSION - CAPILLARY PRESSURE


Consider the interface between two fluids (water and air):


• water molecules @ interface are more strongly attracted to
water than air.


• energy req’d to maintain molecules @ interface = interfacial
(surface) tension.


• results in curved interface .


Capillary Pressure = Pc = PNW - PW


NW = nonwetting phase (air in air/water system)
W = wetting phase (water in air/water system)


Wetting Phase = Fluid phase that preferentially coats the solid
phase.


Pair


Pwater
interface


Solid
Water


Air


Finite difference between pressures in
air and water at the interface:


lim


∆ ∆x


P P


x
air water


→
−


= ∞
0


Therefore must apply continuum
approach to each phase separately.
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Relationship between capillary pressure and matric potential:


P P P P P Pc NW W air water water= − = − = −


Pair = Patm = 0


Ψ = = −
P


g


P


g
w c


ρ ρ


Consider water rise in a capillary tube:


Balance Interfacial Tension and Pressure forces:


( )P P r rN W W− =π π σ α2 2 lg cos


P
rc =


2σ
αlg


cos


Capillary rise in a tube:


h
P


gc
c=


ρ


α


r


air


water


hc


PW


PNW


σσ
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Capillary Pressure - Interfacial Tension (continued):


More general case:  LaPlace Equation of Capillarity


( )Pcl l2
1 22= +σ α αlg sin sin


if r1, r2 >> l (α1, α2  are small); s i n α ≅
l


2 r


P
r rc = +









σ lg


1 1


1 2


Convention:  r > 0  if radius is in nonwetting phase.
r < 0 if radius is in wetting phase.


α1


α2


σlg


l


l
σlg


Square section of
fluid interface, l x
l


Surfaces have 2
principle radii of
curvature.


r1r2
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Values of Interfacial Tension:


Fluid 1 Fluid 2 σσ (dynes/cm2)
(20°°C)


Pure water Air 72
Soil water Air ~60


Soltrol (petroleum) Air ~23
Mercury Air 470
Mercury Water 375


Water Octane 51
Ethanol Air 21.5
Water Octanol 8.5
Water Alcohol 0 (miscible)
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AIR/WATER SYSTEMS AND POROUS MEDIA


We need a relationship between saturation and capillary pressure to
define C(Ψ) [Specific moisture capacity].


Imagine soil as a bundle of capillary tubes:


Nonuniform Capillary Model
r1 r2 r3 r4 r5


h1


Water Content, θ
0 n


− =Ψ
P


g
c


ρ
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Soil Water Retention Curves for different soil types:


Water Distribution in Unsaturated Soil:


Water Content, θ
0 0.6


− =Ψ
P


g
c


ρ


100


200


300


(cm)


Sand


Clay


• Water is wetting fluid-coats solid
particles.


• Air, nonwetting fluid, exists in
larger pore spaces.


• Water between soil grains often
forms “pendular rings:”
• One radius of curvature in


wetting phase.
• Second radius of curvature in


nonwetting phase.
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Water Distribution in Unsaturated Soil   (continued):


Visualizing θ(Ψ) relationships with the Wedge Model:


As soil drains, water retreats into the wedge.


Radius of curvature decreases, capillary pressure increases.


Can get very high capillary pressures at low saturations, even
though the average pore size may not be small.


r1


air


water


r2
air


water
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AIR-WATER DISTRIBUTIONS IN POROUS MEDIA:


Capillary Hysteresis


1.  Imagine a saturated soil.  Drain the soil by increasing air
pressure.  Plot the capillary head vs. the water content.  This is the
drainage curve.


2.  Now allow the soil to become saturated again as the air pressure
is slowly decreased.  Again plot capillary head vs. the water
content.  This is the wetting or imbibition curve.


3.  These curves are not the same.  Why?


S
n


=
θ


0 1.0


P


g
c


ρ


drainage


wetting


Sr Sm


Residual: wetting phase
that has drained to an
immobile state, Sr.


Entrapped:
Discontinuous, non-
wetting phase or
isolated “ganglia,”
1 - Sm.
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AIR-WATER DISTRIBUTIONS IN POROUS MEDIA:
(continued)  Capillary Hysteresis:


The draining tube drains to the capillary rise in the narrow part of
the tube.


The filling tube cannot rise past the large diameter section because
the capillary rise for this size tube is less than its elevation above
the pooled water surface.


Imagine capillary tubes of variable diameter that are cross
connected.  What happens as the tubes fill?


What if there were LNAPL floating on the water surface, and the
water table first drops then rises?


Draining
tube


Filling
tube


hc - narrow tube


hc - large tube
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Brooks-Corey Model for S(Pc) or θ(Ψ)


Plots of pressure head (Pc or Ψ) versus water saturation (S or θ) are
known as:


- capillary pressure-saturation curves (Pc vs. S)
- water retention curves (Ψ vs. θ)
- water characteristic curves (Ψ vs. θ)


Brooks-Corey Model


    S
P
P


P Pe
d


c
c d=









 >


λ


,


    S P Pe c d= <1,


    S
S S


Se
r


r


=
−
−1


Pd = Displacement Pressure = Pc at which drainage “first” occurs.
Pd/ρg = height of capillary fringe.


Sr = Residual Saturation = S at an arbitarily larger Pc.
Sr ≈ 0.1 - 0.2


λ = Pore size distribution index
λ ≈ 2 average porous media.
λ ≈ 4 - 5 densely packed/uniformly sized media. (drains ?)
λ < 1 well graded and /or structured media. (drains ?)


0 Sr
1.0


Pd


Pc


S
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Brooks-Corey Model for S(Pc) or θ(Ψ)


Remember:  θ = Sn


Ψ =
− P


g
c


ρ


Therefore the Brooks-Corey model can be rewritten:


S
ne
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r


d
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−
−


= 







>
θ θ


θ


λΨ
Ψ


Ψ Ψ;


( )S ne d= = ≤1 θ ; Ψ Ψ


From this, we can develop a function for specific moisture
capacity, C(Ψ):
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Ψ Ψ Ψ
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= − − >
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Brooks-Corey model is a discontinuous function.  Alternative
models exist:


Van Genuchten model:
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Unsaturated Hydraulic Conductivity, K(θ) or K(Ψ):


What effect does saturation have on hydraulic conductivity?
1.  Hydraulic radius/shear stress at solid/liquid interface.
2.  Cross-sectional area available for flow.
3.  Tortuosity/path length. Solid


Water


Air


Aunsat


Asat
Saturated


Unsaturated


Velocity Profile


Velocity Profile
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Unsaturated Hydraulic Conductivity, K(θ) or K(Ψ):


( )K K Kr satθ =


Kr = Relative hydraulic conductivity (permeability)
   = function of saturation.


K Sr e


d
d


=


= 




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>


+


+


2 3


2 3


λ
λ


λΨ
Ψ


Ψ Ψ;


What is the implication of this relationship on K at high Ψ?


log (-Ψ)


log K


Ψd Ψd


Ksat


Ksat


Sand


Clay
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WATER FLOW IN UNSATURATED SOIL - Vertical Down


The Stages in Transient Water Flow (Rao, 1992):


1.  INFILTRATION:


• Water input at the soil surface (e.g., rainfall, irrigation,
ponding).


• Water intake rate (infiltration rate) is controlled by the method
and rate of water application and by the antecedent soil-water
conditions.  Runoff initiated when application exceeds intake
rate.


• In early stages of infiltration, application rate controls intake
rate, but in later stages soil hydraulic properties are important.


2.  REDISTRIBUTION:


• Exponentially decreasing flux until unit hydraulic gradient is
acheived (i.e., gravitational forces).


• This stage may last only a few hours in sandy soils but may
prolong for several days in loamy soils, and for several weeks in
clayey soils.


3.  STATIC:


• Soil-water content is at “field capacity” value, and the soil-water
flux is essentially zero.


• Water flow and losses are primarily the result of evaporation,
plant root uptake.


• Presence of shallow water table or impeding layers has a
dominant effect on when and if this stage is reached.
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WATER FLOW IN UNSATURATED SOIL - Vertical Down


GOVERNING EQUATIONS:


• General form:


         
∂ θ
∂


∂
∂t


q


z
z= −


• Expanded form:
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∂
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
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
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• Water capacity relationship, θ(Ψ)
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d
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Assumptions:
• ρ, n are constant
• 1-D flow
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Specific soil-
water capacity,
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Brooks-Corey
Model
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WATER FLOW IN UNSATURATED SOIL - Vertical Down


What do we really want to know?


• Rate that mass of contaminant is delivered to the water table.
• Basically, qz(z,t) and θ(z,t) [water flux and water content as


function of space and time] to put into contaminant transport
equations.


• Relationship between P (precipitation rate) and I (infiltration
rate).


Lets examine the infiltration/redistribution process:


Important points:


Static case:
 θ(z) = θ(Ψ)  when z = 0 at the water table.


No flow:  ∂h/∂z = 0, K(Ψ) → 0


Infiltration:
Initially ∂Ψ/∂ z is very large: what limits qz?
Later, ∂Ψ/∂ z → 0, what limits qz?
What is the rate of advance of the water front?
What is the velocity of a solute traveling in the water?


Redistribution:
∂Ψ/∂ z continues to → 0.
θ decreases, so does K(θ).
Gravity gradient controls flux, but K < Ksat.


What is the long term water flux to the water table?
Why might this be inadequate?
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Ψ z h


z z z


θ
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Ψ z h


z z z


θ
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Ψ z h


z z z


θ
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Estimating Volumes of LNAPL in Porous Media


• We have thickness, Tw, of oil in well
• How does this relate to oil thickness in formation?


ground surface


UST


LNAPL


Well screened
in NAPL


Well screened
below NAPL


datum


 w  w


 o


 a
 a


h Tw


Dw
a,o


Dw
o,w


a = air
o = oil
w = water
h = height of water


above datum
Tw = thickness of oil in


well
Dw = depth in well
Da = depth in aquifer


Dw
a,w
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1.  Relationship between Tw and h:


Pressure at datum in both wells are equal:


ρ ρo w wgT gh=


T hw
w


o


=
ρ
ρ


2.  Draw Capillary Pressure - Saturation (pc vs. S)
curves for aquifer for two cases:


Da
o,w


Da
a,o


Da
a,w


Oil in aquifer No oil present


S S


hd
a,o


hd
o,w


hd
a,w


water
water


air air


oil


Wells
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Capillary rise:


Water in air-water system: h
p


gd
a w d


a w


w


,
,


=
ρ


Water in oil-water system: ( )
h


p


gd
o w d


o w


w o


,
,


=
−ρ ρ


Oil in air-oil system: h
p


gd
a o d


a o


o


,
,


=
ρ


Oil Thickness Calculations:


• Thickness of oil in well: T D Dw w
o w


w
a o= −, ,


• “Thickness” of oil in aquifer, Ta:


( ) ( )
T D D


D h D h


T h h


a a
o w


a
a o


w
o w


d
o w


w
a o


d
a o


w d
a o


d
o w


= −


= − − −


= + −


, ,


, , , ,


, ,


Questions:
• What is the minimum Ta for oil to appear in a well?
• What is the minimum Tw if oil appears in a well?
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3.  How to calculate volume of LNAPL in aquifer?


• Option 1:  Thickness of oil in well


V nTo w= Overestimates Vo


• Option 2:  “Thickness” of oil in aquifer


V nTo a= Probably overestimates Vo


• Option 3:  Integrate over Pc-S curve:


( ) ( )


( ) ( ){ }


V
n S H T


H


T


H


V n S H T


o
r w w


o r w


=
−


−
+ − 







− 





















≠


= − − + =


−1


1
1 1


1 1 1 1


1


λ
λ λ λ


λ


λ


:


ln ;


H h hd
o w


d
a o= −, , Need:  Tw, λ, pd


o,w, pd
a,o, Sr, ρo, ρw


Assumes: 1.  No trapped oil below the water table.
2.  No residual oil high in vadose zone.


Reference:  Mishra et al (1989) J. Hydrol., 108:1-18


Volume of oil
per unit area


porosity
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GOVERNING EQUATIONS for solute transport in
porous media: General rules


• Governing equation based on MASS BALANCE:


Change in Mass Stored = Mass in - Mass out


∂
∂


φ
A


t
J= − ∇ • ±


v v


UNITS:  A = mass of contaminant/volume of medium
J = mass of contaminant/(area of medium x time)
φ = mass of contaminant/(volume of medium x time)


Change in mass stored
per unit volume of
porous medium.


Change in mass flux
across the unit volume of
porous medium.


Mass created or destroyed
within the unit volume of
porous medium.


Water Solid Air


Unit Volume


Transport
into unit
volume


Transport
out of unit
volume


Mass produced or
destroyed within the
unit volume


NAPL
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Transport Flux, J:
• Transport Mechanisms


• Diffusion
• Advection/Dispersion


• Transport Flux in Porous Media


TWO TRANSPORT MECHANISMS:
• Momentum/Fluid Velocity:  Advection and Dispersion
• Molecular Interactions/Concentration Gradient:  Diffusion


DIFFUSION:  Mass transport due to concentration gradient.


Ficks First Law:  J D
C


xi
dif


i j
j


= − ,


∂
∂ (1-D)


Units Problem:  D, C expressed in terms of fluid.
Space dimensions expressed in terms of media.


Diffusion flux is proportional to
concentration gradient and in
opposite direction.
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Need to adjust diffusion flux equation so that units agree.


&M J A=       Mass flow rate = Flux × Area


Reference gradient to fluid Reference gradient to media


&M D A
C


xf f
f


f


= −
∂
∂


&M D A
C


xm m
m


m


= −
∂
∂


Note:  Af ≠ Am; Cf ≠ Cm; etc.


However, we can relate these variables:


x xm f= α ; α ≤ 1 (tortuosity)
C Cm f= θ ; θ < 1


A
A


m
f=


αθ ; because:  θ =
A x


A x
f f


m m


Now, rewrite mass flow equation with D, C in terms of fluid, and
x, A in terms of media:


&M D A
C


x
D A


C


xf m
f


m


f m
f


m


= − = −αθ
∂


α
∂


α θ
∂
∂1


2


Dividing by Am to get the flux: J D
C


x
dif


f
f


m


= − α θ
∂
∂


2


Combine these terms
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( )D D Df eff f o( ) = =α τ θ2


So the diffusion flux (3-D) for water and air are:


r r r
J D Cw


dif
w w w= − •∇θ


r r r
J D Ca


dif
a a a= − •∇θ


• The fluid content (θ) term converts concentration units to a
media basis.


• The tortuosity factor (τ) incorporated in the diffusion coefficient
converts bulk fluid diffusion to porous media diffusion.


Solved unit conversion problem.  However, solute transport is
controlled primarily by velocity mechanisms.


Effective diffusion
coefficient for
solute in fluid in
porous media


Diffusion
coefficient in bulk
fluid


Tortuosity factor = function of
fluid saturation in porous media.


τ(θ = n) ≈ 0.5 to 0.8
τ(θ << n) → 0


Units:


L fluid


L medium


L meduim


time


masssolute


L fluid L medium


3


3


2


3× ×
×
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VELOCITY or MOMENTUM MECHANISMS:


ADVECTION:  Transport with AVERAGE fluid flow


r r
J q Cw


adv
w w=


HYDRODYNAMIC DISPERSION: Transport due to nonuniform
fluid flow


Advection describes transport by AVERAGE water velocity


Actually groundwater moves over many different velocities due to:
• Different pore diameters
• Branching pores
• Velocity profile within a pore


Units:     Vol. water      × Mass solute
Area media x time Vol. water
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Consider soil as a bundle of capillary tubes of different diameters.


Advection predicts transport by AVERAGE velocity.
• Solute moves FASTER than average in larger pores.
• Solute moves SLOWER than average in smaller pores.


Average velocity,


v
q


=
θ


Velocity vectors for
individual pores


Position of solute
front at t = 0


Average velocity,


v
q


=
θ


Velocity vectors for
individual pores


Position of solute
front at t = t1;
x v tc = 1
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Consider the soil as a bundle of capillaries of finite length, L
Calculate concentration of solute in effluent at x = L


Average Effluent Concentration = <C(L,t)>


C L t
v C f v dv


v f v dv


v


v


v


v
( , )


( )


( )


min


max


min


max
=


∫
∫


To solve, we need a function for f(v):


 x = 0  x = L


Effluent


C(L,t)


f(v)


a b v


f(v) = 0; v<a and v>b


f v
b a


a v b( ) ;=
−


≤ ≤
11/(b-a)
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Solving for the average effluent concentration:


( )
C L t


b
L


b


b a
( , ) =


−










−


2
2


2


2 2


• First solute arrives at t = L/b (b = velocity in largest tube).
• All solute arrives by t = L/a   (a = velocity in smallest tube).
• In actual porous media, cross-connections smoothes the curve.
 
• Spread of concentration due to VELOCITY distribution is more


important than diffusion.
• We don’t know the velocity distribution; we use average


velocity (advection) and correct for velocity distribution using a
dispersion coefficient (spreading)


• The “D” term in the solute transport equation is used for
DISPERSION instead of diffusion as originally intended.


<C(L,t)>


t
L/aL/b


Effluent Concentration
predicted by f(v)
distribution.


Effluent Concentration
predicted by advective
flux.


Typical porous media.







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996, Lecture 10 9


DISPERSION COEFFICIENT:


The “D” term in the solute transport equation accounts for two
processes:
• Diffusion
• Hydrodynamic Dispersion (mixing)


Dispersion occurs both:
• Along the direction of flow (Longitudinal, caused by: variation


in velocity due to different pore sizes; uneven flow paths)
• Across the direction of flow (Transverse, caused by: branching


pore channels)


Dispersion Coefficient is related to the velocity by
DISPERSIVITY, α


D vh
n= α


Usually we assume a linear relationship (n=1) and define
dispersivity in both longitudinal and transverse directions:


D vi L i,i = α D vi j T i, = ≠α i j αL > αT


First estimate:  αL ≈ L/10 αT ≈ L/100 units: length
where: L = scale of problem


Dispersivity is a scale-dependent parameter [value incr. with incr.
scale].
• Very small scale: velocity profiles in uniform pores.
• Darcy scale: velocity distribution in different sized pores in


homogeneous media.
• Field scale: velocity distributions due to heterogeneities.
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 The “D” term in the solute transport equation becomes [flow in the
x direction only (vy = vz = 0]:


( )D D v vx x o L x L x, = + ≈τ θ α α
( )D D D v vy x z x o T x T x, ,= = + ≈τ θ α α


What Transport Mechanisms are important?


Transport can occur in fluid phases (water, air, NAPL)
- solid phase is immobile


For this class,
 lets assume:


Assume water is the only mobile fluid; air and NAPL are immobile
⇒ How good is this assumption?


AIR: what causes air to move in porous media?
• Infiltrating water displaces air.
• Changes in atmospheric pressure.
• Soil venting systems.
NAPL:  when are NAPLs mobile in porous media?
• When NAPL originally enters the porous media.
• Free-product recovery efforts.
 
⇒ When these processes are significant, we must incorporate


multi-phase flow for both fluid flow and solute transport.
⇒ Generally, unless we are specifically attempting to make air or


NAPL move (soil venting or free product recovery) we structure
the problem so that these phases can be considered immobile.


Fluid Velocity
Mechanisms


Diffusion


Water yes yes
Air no yes


NAPL no yes*
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Diffusion in NAPLs:


Diffusion in NAPL phase is generally not a significant transport
mechanism because:
• There are no concentration gradients in single-component


NAPLs.
• For transport in a phase to be significant, that phase must be


continuous over a significant volume of the porous medium.
• NAPLs often exist as discontinuous, entrapped ganglia.
• Pooled NAPL is continuous, but the extent of the pool is


often much smaller than the volume of the porous medium
modeled.


Expand the mass flux component of the mass balance equation:


J J J J J J Jw
velocity


w
diffusion


a
vel


a
dif


N
vel


N
dif= + + + + +


The simplified total flux becomes:


J J J J J J Jw
vel


w
dif


a
dif


w
adv


w
disp dif


a
dif= + + = + ++


r r r r r r
J q C D C D Cw w w w w a a a= − • ∇ − • ∇θ θ


ignore ignore ignore


Mass fluxes in
water phase


Mass fluxes in
air phase


Mass fluxes in
NAPL phase


Total
contaminant mass
flux in all phases
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SUMMARY FROM LAST LECTURE:


∂
∂


φ
A


t
J= −∇ • ±


r r


Last Lecture:    
r r r r r r
J q C D C D Cw w w w w a a a= − • ∇ − • ∇θ θ


This Lecture:    A = ?; combining and simplifying 
∂
∂
A


t
J= −∇ •


r r


Water Solid NAPL Air


Unit Volume


Diffusion
in (Air)


Diffusion
out (Air)


Velocity
transport in
(water)


Velocity
transport out
(water)


Diffusion
in (water)


Diffusion
out (water)


Change in Storage of solute in unit volume with
time; involves all phases and interchange of solute
between the phases.


Transport in and out of the unit volume with
fluid velocity and/or by diffusion in
continuous fluid phases (water and air).


Sinks and sources involve processes
where solute mass is destroyed or
created within the unit volume (e.g.,
biodegradation).
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Mass Storage: mass of contaminant per unit volume of media in all
phases.


A = Σ Ai


where: A = mass contaminant per unit volume of media
i = phase in media (water, solid, air, NAPL)


        A C C C Sw w a a N N B= + + +θ θ θ ρ


Units: θ = volume of phase i/volume of media
C = mass of contaminant in i/volume of phase i
ρB = mass of solids/volume of media
S = mass of contaminant in/on solids/mass of solids


Note:


θw, θa (and θN) are obtained from the flow equation(s)


n = θw + θa + θN


ρB = ρs(1 - n) ρs = solids density ≈ 2.65 for silica minerals
ρB = solid bulk density ≈ 1.5 - 1.8 g/cm3


Total mass of
contaminant
per unit
volume of
media


Mass of
contaminant
in water


Mass of
contaminan
t in air


Mass of
contaminan
t in NAPL


Mass of
contaminan
t in/on solid
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( ) ( ) ( ) ( )


∆Storage
A


t


A


t
C


t


C


t


C


t


S


t


i


w w a a N N B


= =


= + + +


∑∂
∂


∂
∂


∂ θ
∂


∂ θ
∂


∂ θ
∂


∂ ρ
∂


To simplify:


1.  Make assumptions about flow field.
2.  Make assumptions about porous medium.
3.  Make assumptions about the NAPL.
4.  Find relationships between concentrations in different phases.


Flow Field Assumptions:


• Steady State 
( ) ( )∂ θ


∂
θ


∂
∂


∂ θ
∂


θ
∂
∂


w w
w


w a a
a


a
C


t


C


t


C


t


C


t
= =;


Porous Medium Assumptions:


• Nondeformable medium
( )∂ ρ
∂


ρ
∂
∂


b


b


S


t


S


t
=


NAPL Assumptions:


• Single-component NAPLs (e.g., TCE) do not experience
concentration changes with time (CN = ρN).


( )∂ θ


∂
ρ


∂θ
∂


N N
N


N
C


t t
=
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• Some multiple component NAPLs (e.g., fuels) contain only a
small fraction of soluble components.  Most of the NAPL is
insoluble and the fluid content of the NAPL remains virtually
constant.


( )∂ θ


∂
θ


∂
∂


N N
N


N
C


t


C


t
=


Relationships between Concentrations in Different Phases:


• Water is the wetting phase, usually in contact with all other
phases, so find Ci = f(Cw) [e.g., partitioning equilibria]


• We are interested in both equilibrium relationships AND rate of
change of mass storage [interphase mass transfer rates].


More on this in Lec 12.


BUILD AND SIMPLIFY A GOVERNING EQUATION:


Start with the mass balance equation:


∂
∂


φ
A


t
J= −∇ • ±


r r


Change in mass
stored per unit
volume of porous
media.


Change in mass
flux across the
unit volume of
porous media.


Mass created or
destroyed within
the unit volume
of porous media.
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Ignore sources and sinks for now, and expand the equation:


( ) ( ) ( ) ( ) ( ) ( ) ( )∂ θ


∂


∂ θ


∂


∂ θ


∂


∂ ρ


∂
θ θw w a a N N B


w w w w a a a


C


t


C


t


C


t


S


t
q C D C D C+ + + = −∇• +∇• •∇ + ∇• •∇


r r r r r r r


What are the assumptions?  How can we simplify the MBE?
Assumptions in the MBE:
• Porous media is a continuum (REV concept).
• Truncated Taylor expansion of flux terms.
• Transport limited to advection/dispersion in water phase and


diffusion in air phase.
• No sources or sinks.
• Also: any assumptions used to solve the water flow equations


(not shown).


Other common assumptions:
• Water is incompressible (ρw = constant).
• Porous medium is nondeformable (n = constant).


Change in
storage in
water phase


Change in
storage in
air phase


Change in
storage in
NAPL
phase


Change in
storage in
sorbed
phase


Transport
in water
phase due
to advection


Transport in
water phase
due to
dispersion and
diffusion


Transport
in air phase
due to
diffusion
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Richards Equation (ρw = constant):


( ) ( )∂ θ
∂
w w


w w


C


t
q C= −∇ •


r r
isolate water storage and advection


C
t


C


t
C q q Cw


w
w


w
w w w w


∂θ
∂


θ
∂
∂


+ = − ∇ • − • ∇
r r r r


 expand terms


∂θ
∂


w
wt


q= −∇ •
r r


note Richards eqn identity and cancel.


∂
∂ θ
C


t


q
C v Cw w


w
w w w= − • ∇ = − • ∇


r r r r


Constant water density allows simplification of the water storage
and water advection terms.


Constant porosity results in constant solids bulk density.


MBE reduces to:


( ) ( ) ( ) ( )θ
∂
∂


∂ θ


∂


∂ θ


∂
ρ


∂
∂


θ θw
w a a N N


B w w w w w a a a


C


t


C


t


C


t


S


t
q C D C D C+ + + = − •∇ +∇• •∇ +∇• •∇r r r r r r r r


MBE still too complex for analytical solution.  Further simplify:
• Determine relationships between concentrations in each phase


(usually in reference to the water phase).
• Simplify fluid (air and NAPL) content differentials with time.
• Simplify dispersion/diffusion coefficients and fluid content


differentials with space (air and water).
• Align axes with direction of water flow.


Removing the Richards Eqn identity
and dividing by θw, note dependence
of concentration on the velocity
vector!
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To simplify the differential terms, we still have two powerful
assumptions we may be able to use:
• Steady state fluid flow.
• Homogeneous medium and fluid conditions.


Steady state fluid flow:  Fluid contents do not change with time!
(Does NOT mean solute transport is at a steady state!)
• θa comes out of time differential.


Homogeneous conditions:
• Dispersion/diffusion coefficients and fluid contents come out of


the space differentials.
• Implies a homogeneous medium and a constant fluid content


everywhere in space.  (When is this likely or unlikely?)


( )
( )


− ∇ • = ∇ • • ∇


= ∇ • • ∇ + ∇ • • ∇ + • ∇


r r r r r


r r r r r r r
J D C


D C D C D C


w
disp


w w w


w w w w w w w w w


θ


θ θ θ 2


d


dx
w


i


θ
= 0 and


dD


dx
w


i


= 0 two of the terms equal zero.


So: − ∇ • = • ∇
r r r r


J D Cw
disp


w w wθ 2


Assume also that NAPL is complex and consists primarily of
nonsoluble components:


( )∂ θ


∂
θ


∂
∂


N N
N


N
C


t


C


t
=
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Simplified MBE  (only concentration terms in differentials):


θ
∂
∂


θ
∂
∂


θ
∂
∂


ρ
∂
∂


θ θw
w


a
a


N
N


B w w w w w a a a


C


t


C


t


C


t


S


t
q C D C D C+ + + = − •∇ + •∇ + •∇
r r r r r r


2 2


Simplifications/Assumptions:
1.  All assumptions in creating basic water and solute MBE
2.  Constant water density
3.  Constant porosity
4.  Steady state flow field
5.  Homogeneous flow field
6.  Constant NAPL saturation


Further simplifications:
1.  Water flows in the x direction (qy = qz = 0)
2.  No air or NAPL phases (θa = θN = 0)
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Still needed:  Relationship between concentrations in different
phases.


Change in
storage in
water phase


Change in
storage in
the sorbed
phase


Advective
transport


Longitudinal
dispersion
transport


Transverse
dispersion
(y-
direction)
transport)


Transverse
dispersion
(z-
direction)
transport)
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INTERPHASE MASS TRANSFER


[Note:  My bias is toward relationships involving nonpolar organic
compounds.  Many Air Force pollutants fall in this category (i.e., fuels and
solvents).  Some of the comments below are not applicable to other
compounds (i.e., ionizing compounds)].


∆ Storage term of the MBE accounts for solute mass in all phases
(water, air, NAPL, soil, etc.)


To solve the MBE, need equation in terms of ONE variable
(usually solute concentration in water, Cw)


Need to know:
• Equilibrium constants between solute in each phase
• Kinetics, or rates for the interphase mass transfer


EQUILIBRIUM RELATIONSHIPS:


Generally, we are interested in the relationship between solute
concentration in the water phase with solute in each of the other
phases.


Ca = f(Cw) CN = f(Cw) S = f(Cw)


• Water is usually the wetting phase; water surrounds all of the
other phases (exception: NAPL can be in direct contact with
air).


• Water is usually the phase we are interested in from at transport
perspective (esp. advection).


• If solute is in equilibrium with all phases, the pathway for mass
transfer is not important.







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996, Lecture 12 2


Fluid-Fluid Equilibria = Partitioning  (Solute dissolves
from one phase into the other).


[1] Single component (pure) NAPL / air or water:


For a single component NAPL, CN =  ρN, and the solute is
saturated in the air and water phases:
• Ca derived from vapor pressure, Pv.
• Cw = Aqueous solubility, Sw.


[2] Single solute of a multiple-component NAPL (e.g., benzene as
a component of gasoline) / air or water:


Raoult’s Law (written for water/NAPL system):


X X Xi w i N i w( ) ( ) ( )= 0


Ca


CN CN


Cw


AIR


WATER


NAPL


Mole
fraction of
component i
in water


Mole
fraction of
component i
in NAPL


Mole fraction of component i
in water in equilibrium with
pure component i (i.e.,
solubility of pure compound)
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Raoult’s Law can be rewritten in terms of a partition coefficient:


K
C
C SN w


N


w N w
/ = =


1


ν


If the pure compound (i.e., the solute) is a crystalline solid at the
temperature and pressure of interest, the aqueous solubility is
replaced with the hypothetical super-cooled liquid solubility, Sscl.


• The NAPL/water partition coefficient is estimated from
parameters that can be easily determined.


• A NAPL/air partition coefficient can be similarly derived if
needed.


• If the properties of the bulk NAPL change with the dissolution
process, the partition coefficient can change.  However, this is
unlikely in most environmental applications.


• This approach works well for many organic NAPLs (gasoline,
diesel, coal tar)  see:  Cline et al., ES&T, 25:914-920, 1991; Lee
et al., ES&T, 26:2104-2110, 1992 and 26:2110-2115, 1992.


[3] Air/water partitioning:


C HCa w=


NAPL/water
partition
coefficient


Average
molecular
volume of
NAPL


Aqueous solubility
of pure compound
(mol/L)


Ca


CwHenry’s Constant
(watch units!)
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Water-Solid Phase Equilibria = Many Processes:


• Adsorption: Reactions at solid interface
• Absorption:  Dissolution into the solid
Combine the two into nonspecific process, “sorption”


Solid matter in soil is heterogeneous:
• Mineral surfaces (charged or neutral)
• Inorganic coatings (oxides)
• Humic material
• Microbes


Sorption process depends on the solute and sorbent chemistry.
• Cationic solutes (many metals) associate with negatively


charged clay surfaces by ion exchange.
• Nonpolar organic compounds associate with hydrophobic


functional groups in soil organic matter.


Sorption can be ideal or nonideal:  (Brusseau and Rao, Critical
Reviews in Environmental Control, 19:33-99, 1989)


IDEAL SORPTION NONIDEAL SORPTION
Linear isotherm Nonlinear isotherm
Instantaneous Rate-limited


Singular Hysteretic
Reversible Nonreversible


If we can assume ideal conditions, sorption is easier to model.
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SINGULAR VS. HYSTERETIC SORPTION:


Singular isotherm:  sorption and desorption
isotherms are the same.
Hysteretic isotherm:  sorption and desorption
isotherms are not the same.


REVERSIBLE VS. NONREVERSIBLE SORPTION:


Reversible:  All solute that sorbs will desorb.
Nonrevesible:  Some solute becomes permanently bound to soil
(usually the result of chemical reaction).


Hysteretic, Revesible Isotherm Nonreversible Sorption


Cw


S


Sorption
isotherm


Desorption
isotherm


Cw


Cw


S


Sorption
isotherm


Desorption
isotherm


S


Sorption
isotherm


Desorption
isotherm


won’t
desorb
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n > 1
n = 1


n < 1S


Cw


ISOTHERM LINEARITY:


Isotherm:  Relationship between solute concentrations in different
phases at a constant temperature.


Isotherms can be linear or curved.


Freundlich Isotherm:


S K CF w
n=


Causes of nonlinearity:


• n>1:  multi-layer sorption; precipitation
• n=1:  partitioning
• n<1:  finite capacity for sorption


Limiting case for n<1:  Langmuir Isotherm


S


Cw


S reaches a
plateau - finite
capacity


Sorption
Coefficient
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Linearity effects on kinetics:  In the MBE, we need the change in
concentration with time.


∂
∂


∂
∂


S


t
K nC


C


tF w
n w= −1


• If n ≠ 1, the rate of sorption is dependent on the solute
concentration!


• If n > 1: sorption rate increases with increases concentration.
• If n < 1: sorption rate decreases with increasing concentration.


Linearizing Isotherms:


• Linear isotherms are mathematically simple--preferred for
models.


• How can we get a linear isotherm?
• “Linearize” a nonlinear isotherm.
• All isotherms are linear at low concentrations.


Method 1:  Predicts travel time S K CF w
n=


(Not concentration profile)


K K Cd F MAX
n= −1


Freundlich
Sorption
Coefficient


Linearized
Sorption
Coefficient


S


Cw


__
Kd


CMAX


Maximum
aqueous
concentration
experienced
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Method 2:  Predicts mass


K
K C


nd
F MAX


n


=
+


−2


1


1


• All isotherms (Freundlich, Langmuir, Linear) are approximately
linear at LOW concentrations.


• Water chemistry usually involves dilute solutions (LOW
concentrations).


• How low is low?  For nonpolar organic compounds, isotherms
are generally linear if Cw < 1/2 Aqueous solubility.


• Linear assumption is often okay.


ESTIMATING SORPTION COEFFICIENTS:


Definitions:


Kd = Distribution Coefficient.
• Kd is constant for a given soil, solute, and solute concentration.
• If the isotherm is linear, Kd is a function of soil and solute only!
• Units:  Vol/mass (mL/g).


K
S


C
at equilibrium


Sorbed Concentration


Aqueous Concentrationd
w


= =( )


S


Cw


__
Kd


CMAX


Maximum
aqueous
concentration
experienced
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Kp = Partition Coefficient.
• Sorption process is assumed to be partitioning (usually nonpolar


organic compounds associating with soil organic matter).
• Linear isotherm; Kp is independent of solute concentration.
• Units:  Vol/mass (mL/g).


K
S


C
at equilibriump


w


= ( )


Even if the isotherm is linear, Kd is different for every soil and
every solute.  How can we estimate its value?


[1] Estimating Kd for nonpolar organic compounds:


• If significant soil organic matter is present (foc > 0.1 percent), it
is the largest sorption sink is nonpolar organic compounds.


• Normalize Kd to fraction of organic carbon (foc).
• Kd = f(foc, solute)
• Koc = Kd/foc =f(solute)


• Karrickhoff, Chemosphere, 10:833-846, 1981 found strong
correlation between Kd and foc for a given solute. (see graph).


Estimate Koc, Organic Carbon Partition Coefficient:


• Regressions with hypothetical super-cooled liquid aqueous
solubility (Karrickhoff, 1981):


log . logK Soc scl= −0 921
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• Regressions with octanol/water partition coefficient (Karickhoff,
et al., Water Research, 13:241-248, 1979; Means, et al., ES&T,
14:1524-1528, 1980; Karrickhoff, 1981):


log log ; . ./K K b b tooc o w= + = − −0 21 0 346


THEREFORE:  We can estimate the Kp from:  K K fp oc oc=


• Available data on solute (octanol/water partition coefficient).
• Measure foc of soil (wet chemical methods, furnace, etc.).


WHY?  May have lots of solutes/Isotherms are expensive, etc.


LIMITS:  foc ≥ 0.001; Nonpolar organic compounds only.


[2] Estimating Kd for Cations:


Metal contaminants are often present in water as cations (+
charge). Sorption process is predominantly ION EXCHANGE with
clay minerals that have negatively charged surface.


A soil’s capacity for sorbing cations is known as the CATION
EXCHANGE CAPACITY (CEC).  Units = meq/g or mol/m2.


Typical ion exchange reaction:


M Na Soil Na M Soil+ ++ ⇔ +: :


Metal
contaminant
in solution


Metal
contaminant
adsorbed to soil


Dominant
cation in
solution


Dominant
cation sorbed
to soil
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The chemical equilibrium for this reaction is:


[ ][ ]
[ ][ ]


K
M Soil Na


M Na Soil
ie =


+


+


:


:


Also: ( ) [ ] [ ]CEC M Soil Na SoilBρ
θ


= +: :


Rearranging: [ ]
[ ]


[ ] [ ]
M Soil


K M CEC


Na K M


ie
B


ie


:
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+


+ +


ρ
θ


Remember:


[ ]
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C


M Soil


M
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W


B= =
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:
θ


ρ


So if [Na+] >> Kie[M
+]: [ ]


K
K CEC


Na
d


ie≈
+


( )


And if [Na+] << Kie[M
+]: ( )S S CEC MWM= →max


• At low concentrations, cation sorption is linear.
• At very high concentrations, cation sorption is finite.


Cation
exchange
capacity
(mol/g)


Competing ion
concentration (mol/L)


Ion exchange
equilibrium
coefficient


Equation for
Langmiur
isotherm.
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Summary for Ionic Sorption:


• Kd for cations can be related to chemical constants.
• Constants are more difficult to determine than for nonpolar


organics.
• May have competitive effects from several ions.


• There is a similar process for anions.
• For most soils, AEC << CEC; anions often considered


“nonsorbing.”


SUMMARY:  INTERPHASE EQUILIBRIA


Water-Air Partition Coefficient = Henry’s Constant


C HCa w= Units of H = f(units of Ca and Cw)


Water-NAPL Partition Coefficient → Raoult’s Law Approach


C K CN N w w= /
K


SN w
N scl


/ =
1


ν
_
νN = Average molar volume of NAPL
Sscl = Hypothetical super-cooled liquid solubility of solute


Water-Solid Phase Distribution Coefficient


S K Cd w=


for nonpolar organic solutes,    K K fd oc oc=
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INTERPHASE MASS TRANSFER: KINETICS


“Instantaneous” mass transfer
• Interphase mass transfer (sorption/dissolution/volatilization)


rate >> than bulk fluid transport rates (advection/dispersion).
• Solute is at equilibrium concentrations in the various phases


at a given point in space.
• Known as:  LOCAL EQUILIBRIUM ASSUMPTION


All phases (particularly solid phase) may not be at equilibrium


Causes of nonequilibrium sorption:
• Chemical kinetics
• Diffusion limited mass transfer


Rate-limited mass transfer
• Interphase mass transfer rate is limited by diffusion transport


in an immobile phase.
• Scale of diffusion domain << system being modeled (i.e.,


grain scale or ganglia scale); cannot be modeled as transport.
• Solute concentrations in various phases may not be at


equilibrium.


We will discuss rate-limited mass transfer in terms of sorption of
nonpolar organic compounds.


Importance: Clean-up time, Exposure time, bioavailability


S(t)


time, t


S(t); t→∞  = Se


Se = equilibrium sorption
for a given C
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Cause of Nonequilibrium Sorption:  Two Theories


1.  Intra-organic matter diffusion (IOMD): (Brusseau and Rao,
Chemosphere, 18:1691-1706, 1989).
• Soil organic matter is comprised of large humic molecules


which form a flexible, porous, polymer-like solid.
• Void spaces in the “humic polymer” are filled with water, and


the water is immobile.
• Solutes from the mobile bulk fluid must travel by diffusion


along narrow, tortuous paths to interior sorption “sites.”


2.  Retarded intra-particle diffusion (RIPD):  (Ball and Roberts,
ES&T, 25:1237-1249, 1991).
• Individual soil grains contain micropores (very small cracks and


fissures).
• The micropores are filled with immobile water and also contain


organic material (humic or  kerogen).  The organic material is
located in patches which may be only one molecule thickness.


• Solute from the bulk fluid must travel by diffusion in the
narrow, tortuous micropores to the sorption sites inside the soil
particle.


Which theory is correct?
• RIPD developed based on observations of Borden sand, where


the intraparticlular volume >> organic matter volume.
• IOMD developed based on observations of several Florida soils,


where organic matter volume >> intraparticular volume.
• Both theories are probably correct; however, the dominant


process probably depends on the soil type.
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How do we model sorption kinetics?


3 methods: 1.  Implicitly, using a effective dispersion term.
2.  Explicitly, using first-order kinetics.
3.  Explicitly, as Fickian diffusion.


1.  Effective Dispersion Methods:
• Rate-limited sorption results in both early arrival (slow sorption


means some solute is not sorbed) and long term tailing (slow
desorption) relative to LEA.


• Results in more spreading - therefore increase dispersion
coefficient.


2.  First-Order Kinetics:


• Looks like chemical kinetics model.
• We are modeling diffusion; assumes a linear gradient.


MBE for soil compartment:


∂
∂
S
t


k C k Sw= −1 2


Cw S


k1


k2


Change in
sorbed phase
concentration.


Rate of
sorption


Rate of
desorption
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• Why is there a different rate constant for sorption and
desorption?   →  Units problem!


At equilibrium: 
∂
∂
S
t


= 0 ; k C k S k K Cw d w1 2 2= =


so: k K kd1 2=       and: ( )∂
∂
S
t


k K C Sd w= −2


• How does this chemical kinetics model relate to a diffusion
model? →  Linear gradient!


Rewrite the relationship, expressing sorbed concentration on a per
volume basis so we can use Fick’s Law:


use the identity: θ ρom om BC S=


and at equilibrium: C
C


K
S


Kw
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om w d


= =
/


we get the new rate equation:
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Rewrite linear gradient equation with the original terms:


( )∂
∂


ξ
δ


S
t


D
K C Som


d w= 







−2


For many soils, sorption rate varies with time.
• Initial, fast sorption takes minutes or hours.
• Longer, slow sorption takes days to months.
• Empirical two-site model popular method for this phenomenon.


Sorption is divided into two compartments: S S S= +1 2


1.  Equilibrium sorption between water and first compartment.


S FK Cd w1 = (F = mass fraction of instantaneous sites)


2.  First-order kinetics between the two soil compartments.


( )[ ]∂
∂
S


t
k S k S k F K C Sd w


2
1 1 2 2 2 21= − = − −


k2 term


Cw S2


k1


k2


S1


Kd


Change in
slow site
concentration
with time.


First-order
rate
constant


Driving
force term


Parameter Estimates:
   F = 0.5
   log k2 = 0.301 - 0.668 log Kd


(Brusseau and Rao, Chemos., 1989)
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3.  Diffusion Models:
 
• Modeling diffusion as a first-order process is makes for simple


mathematics but is not an accurate description of the process.
• First-order models tend to have:


• Velocity-dependent mass transfer rates.
• Inability to reproduce slow, long-term tailing phenomena.


• If these problems are important, must go to a diffusion model.


Modeling sorption as a diffusion process involves defining a local
diffusion domain (e.g., inside organic matter or inside a porous
particle).  The following parameters must be defined:
• Diffusion coefficient
• Porosity
• Tortuosity
• Sorption equilibrium relationships
• Distribution of sorption sites along a diffusion path length.


These parameters are difficult to obtain independently.
Assumptions have to be made, primarily about the diffusion
domain geometry.
Common assumptions:
• Tortuosity ≈ 0.1
• Geometry = uniform (film or coating of organic matter)


spherical (RIPD into average grain size)
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Most common sorption diffusion model = diffusion into a porous
sphere (Goltz and Roberts, J. Contam. Hydrol., 1:77-93, 1986):


System GE:
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Grain-Scale GE:
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Diffusion Models:
• Are mathematically rigorous.
• Allow non-linear concentration gradients = more accurate


description of process than first-order models.


Solute in
mobile zone


Solute in immobile
zone (intragrain
porosity)


a = average
grain radius







ENVR 640:  Groundwater Hydrology and Contaminant Transport
Maj Edward Heyse, Ph.D., P.E. Air Force Institute of Technology/ENV


Version Fall 1996, Lecture 13 8


APPLY INTERPHASE MASS TRANSFER TO MBE:


1.  Combine interphase mass transfer with MBE
- equilibrium:  one variable/one equation
- mass transfer:  two variables/two equations


2.   Explore use of dimensionless parameters.


Assume: 1-D Advective-Dispersive Groundwater Transport
Incompressible fluid (water), nondeformable media
Homogeneous, steady-state flow field (D, θw constant)
Linear isotherms.


[1]  4 phases (water, NAPL, air, solid), equilibrium conditions:
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Insert: C HCa w= C K CN N w w= / S K Cd w=
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θ θw a N N w B d
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w w w w a a wH K K
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One Equation, One unknown (Cw)


Define R:  Retardation Factor R
A


A
i


w


=
Σ


Mass of solute in all
phases at equilibrium


Mass of solute in water phase
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In this case: R
H K Kw a N N w B d


w


=
+ + +θ θ θ ρ


θ
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Insert R, divide by θw:
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[2]  2 Phases (water, solid), equilibrium conditions:
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3.  2 Phases, nonequilibrium sorption (1st order kinetics):
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Two equations, two unknowns (Cw, S)


R for two
phases.


Definition of R
depends on
phases


Water phase MBE


Solid phase MBE
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DIMENSIONLESS ANALYSIS:
• How do parameters in MBE equation effect solute transport?
• Many parameters work in combination with other parameters.
• Introduce DIMENSIONLESS parameters.


• Reduce all scenarios to a common scale for comparison.
• Reduce the number of parameters for sensitivity analysis.


Start with case 2:  Advection/dispersion/equilibrium sorption:


Define terms: X
x


L
= p


v t


L
w=


C
C


C
w*


max


= R
KB d


w


= +1
ρ


θ


Pe
v L


D
w


w


=


Start with MBE: R
C


t
v


C


x
D


C


x
w


w
w


w
w∂


∂
∂
∂


∂
∂


= − +
2


2


Insert dimensionless numbers:


RC v


L


C


p


C v


L


C


X


C v L


Pe L


C


X
w w wmax max max* * *∂


∂
∂
∂


∂
∂


= − +
2


2


2


Dividing by 
C v


L
wmax


: R
C


p


C


X Pe


C


X


∂
∂


∂
∂


∂
∂


* * *
= − +


1 2


2


pore volumes


Retardation
factor


normalized distance


normalized concentration


Peclet number = time for
dispersion / time for advection


2 major parameters: R, Pe
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How do R and Pe affect solute transport:


Retardation Factor, R:
• Possible values:  1 ≤ R ≤ ∞
• Average rate of solute migration = vw/R


• As R increases, its migration rate decreases.
• |As R increases, proportion of mass in aqueous phase


decreases.


Peclet Number, Pe:
• Possible values:  0 ≤ Pe ≤ ∞


• Pe = ∞, no dispersion = plug flow
• Pe decreases, dispersion increases, more spreading.


C*


X


11/R


C*


p
1 R
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Damkohler Number:  Dimensionless mass transfer rate.


Da = time for advective transport
time for mass transfer


Da
R L


v w


=
−( )k1 2 Da


F R k L


v w


=
− −( )( )1 1 2


Da > 1:  Advective transport takes longer than mass transfer.
Da < 1:  Advective transport is faster than mass transfer.
Da ≥ 100:  Local equilibrium can be assumed.


Mass tranfer is much faster than advection.


Write Case 3 in dimensionless terms:


Also need normalized sorbed concentration:  S
S


K Cd


*
max


=


θ
∂
∂


ρ
∂
∂


∂
∂


θ
∂
∂w


w
B w


w
w w


wC


t


S


t
q


C


x
D


C


x
+ = − +


2


2


( )∂
∂
S


t
k K C Sd w= −2


( )∂
∂


∂
∂


∂
∂


∂
∂


C


p
R


S


p


C


X Pe


C


X


* * * *
+ − = − +1


1 2


2


( ) ( )R
S


p
Da C S− = −1


∂
∂


*
* *


Damkohler
number for
one-site
model


Damkohler
number for
two-site
model


Reduced number of
parameters from 8
(θw, ρb, qw, Dw, x, t, k2, Kd)
to only 5 (R, Pe, Da, X, p)
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CHEMICAL REACTIONS:  PRODUCTION AND DECAY


How is mass created or destroyed?
• Chemical reactions (hydrolysis, redox, precipitation/dissolution)
• Biodegradation (microbial, plant uptake)
• Radioactive decay


Reaction that destroys one species (decay) can create another
(production).
• TCE → cis 1,2-DCE → Vinyl Chloride → Ethene


• 90
232


88
228


89
228Th Ra Ac→ →


Reaction end products:
• Organic compounds oxidized to CO2, H2O, etc.--Irreversible
• Radioactive Decay:  Irreversible
• Redox reactions with metals:  May change oxidation state and


therefore solubility (e.g.:  Fe+2 → Fe+3), but reaction is
reversible.


Reaction Rates:
• Rapid:  Acid-base reactions
• Predictable First-Order rates:  Radioactive decay
• Slow:  Redox, Precipitation/Dissolution
• Stoichiometric Considerations:  Mass balance must be


maintained!


Redox reactions are often so slow that a catalyst is needed to make
the reaction happen in meaningful time scales.  Microorganisms
often supply the catalysts (enzymes) in aquatic environments.
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How does biodegradation rate “typically” vary with concentration?


• Low concentrations:  Degradation rate limited by availability of
chemical - first-order kinetics.


• Higher concentrations:  Plenty of chemical available for
degradation; rates limited by other factors (oxygen availability,
microbial population, etc.) - rate independent of chemical
concentration or zero-order kinetics.


• Low through high concentrations:  Michaelis-Menten kinetics
• Very high concentrations:  Chemical becomes toxic to


microorganisms - degradation rate declines.


Choose model that fits concentration range of interest.


Degradation
Rate


Concentration


Substrate
limited
degradation


Substrate
toxicity


Degradation
limited by
other factors


First-Order Kinetics


Zero-Order Kinetics


Michaelis-Menten Kinetics
Types of
Kinetic
Models
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Modeling Kinetics:


[1]  “Instantaneous” Reaction


If the reaction rate is very fast compared to other factors (i.e.,
transport), then the reaction can be considered “instantaneous.”


aA bB cC+ →


If chemicals A and B react “instantaneously,” at any time step A
and B will react until one or both compounds are depleted.


If   
C


a MW


C


b MW
A


A


B


B


>   at t=t:


Then: φ θAt


t t
A


B
Bdt


a MW


b MW
C


+


∫ = −
∆


units:  M L-3 media φ θBt


t t


Bdt C
+


∫ = −
∆


φ θCt


t t
C


B
Bdt


c MW


b MW
C


+


∫ = −
∆


Examples:
• Biodegradation of petroleum compounds is “fast” compared to


the rate that diffusion can supply oxygen to groundwater.  The
BIOPLUME models simulate the transport of oxygen and
hydrocarbons separately.  At each time step, hydrocarbons and
oxygen at a given location react stoichiometrically until either
compound is depleted.


• Neutralization of HCl by CaCO3.
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 [2]  Zero-Order Kinetics


When decay rate is INDEPENDENT of concentration:


φ θ= − k0 units of k0 = M Lw
-3 T-1


Problem:  Mass will be removed at this rate regardless of
concentration--negative concentrations can result!


Example:
• Cometabolization of vinyl chloride by toluene degraders


(degradation of VC is a side-effect).


[3]  First-Order Kinetics:


Decay rate is proportional to concentration


φ θ= − k C1 units of k1 = T-1


• Mathematically simple
• Avoids mass imbalance problems of zero-order kinetics
• Valid when the substrate is the reaction-limiting component


(i.e., at low concentrations!)
• Valid for radioactive decay


θ
∂


∂
∂
∂


θ
∂
∂


θw
w


w
w


w w
w


w wR
C


t
q


C


x
D


C


x
kC= − + −


2


2


C x


0


C0


C is not a function of time.
As v increases, C(x) increases: plume
moves further before degrading.


If you have a constant source term, at
long times (steady state solution) and
for small values of Dw:


( )C x C kx
v( ) exp= −0
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 [4]  Michaelis-Menten Kinetics:


Decay rate transitions from first-order at low concentrations to zero
order at high concentrations.


φ θ= −
+









k


C


K Cm
max units:  kmax = T-1


  Km = M L-3


• Valid over greater range than first-order kinetics
• Avoids mass imbalance problems of zero-order kinetics
• Mathematically more complex
• Typical of enzymatic processes such as biodegradation


Example:  Petroleum hydrocarbon biodegradation


[ ] ( ) [ ]Hydrocarbons G Oxygen Decay oducts C H O Y cells+ → +Pr ,02 2


Source/Sink Terms:


φ θ µH t
H


H H


O


O O


M
C


K C


C


K C
= −


+










+










φ θ µO t
H


H H


O


O O


M G
C


K C


C


K C
= −


+










+










Σφ M t
H


H H


O


O O
c OC tM Y


C


K C


C


K C
k YC bM=


+










+







 + −θ µ θ θ


Hydrocarbon
degradation term


Oxygen
degradation term


Cell source
and sink
terms Cell growth due to


hydrocarbon
degradation


Cell growth
due to natural
carbon sources


Cell decay
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The variables used in the source/sink equations are:
CH = hydrocarbon concentration in fluid (ML-3)
CO = oxygen concentration in fluid (ML-3)
Mt = total aerobic microbial concentration (ML-3)
µ = maximum hydrocarbon utilization rate per unit mass of


aerobic microorganisms (T-1)
Y = microbial yield coefficient (g cells/g hydrocarbon)
KH = hydrocarbon half-saturation constant (ML-3)
KO = oxygen half-saturation constant (ML-3)
kc = first-order decay rate of natural organic carbon
COC=natural organic carbon concentration (ML-3)
b = microbial decay rate (T-1)
G = ratio of oxygen to hydrocarbon consumed


The governing equations are:


Hydrocarbons:  Sorption/advection/dispersion/sink
Oxygen: Advection/dispersion/sink
Microbes: Sink/source (no transport)


What does it mean?
• When concentration of hydrocarbon or oxygen is low, the decay


rate is dependent on that concentration (chemical availability
limits degradation rate).


• When concentration of hydrocarbon or oxygen is high, the
decay rate is constant with respect to that constituent (decay rate
reaches some maximum value, increasing the concentration will
no longer increase the degradation rate).


• Degradation rate depends on the amount of microbes, and more
microbes will grow when hydrocarbon and oxygen are
available.
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STOICHIOMETRY AND PRODUCTION:


Mass balance must be maintained.


When a compound decays, the amount of daughter products must
be in proportion to the parent compound.


Production rate constants are DEPENDENT on decay rate
constants.


Example:  Estimate production rate constants from decay rate
constants for reductive dehalogenation of PCE.


Reactions:


C Cl e H C Cl H Cl2 4 2 32+ + → +− + −


C Cl H e H C Cl H Cl2 3 2 2 22+ + → +− + −


C Cl H e H C ClH Cl2 2 2 2 32+ + → +− + −


C ClH e H C H Cl2 3 2 42+ + → +− + −


tetrachloroethene


trichloroethene


dichloroethene


chloroethene


trichloroethene


dichloroethene


chloroethene


ethene
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First-Order Decay Terms:


PCE:  φ θPCE decay PCE PCEk C= −


TCE:  φ θTCE decay TCE TCEk C= −


DCE:  φ θDCE decay DCE DCEk C= −


VC:  φ θVC decay VC VCk C= −


Questions:
• Write the production terms for TCE, DCE, VC, ethene, and Cl-


• If kPCE = kTCE = kDCE = kVC = 1 yr-1, what are the production rate
constants for the compounds above?


TCE: φ θTCE production PCE
TCE


PCE
PCEk


MW
MW


C=


Production rate = kPCE (MWTCE/MWPCE) = 0.792 yr-1


Governing equation for TCE:


θ
∂


∂
θ θ θR


C


t
q C D C k C k


MW


MW
CTCE


TCE TCE TCE TCE PCE
TCE


PCE
PCE= − • ∇ + • ∇ − +2


Cl-1:      


φ θ θ


θ θ


Clproduction PCE
Cl


PCE
PCE TCE


Cl


TCE
TCE


DCE
Cl


DCE
DCE PCE


Cl


VC
VC


k
MW


MW
C k


MW


MW
C


k
MW


MW
C k


MW


MW
C


= + +


+


Source term for TCE is function of PCE concentration
Cannot solve TCE GE without solving PCE GE!
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DEGRADATION IN DIFFERENT PHASES:  Assume different
degradation processes/pathways in the aqueous and sorbed phases.


• Aerobic degradation in aqueous phase:  A→B
• Anaerobic degradation in sorbed phase:  A→D
• Different phases can mean different processes:


• Different products.
• Different rate constants.


Equilibrium Sorption


Sink terms:


φ ρs B s Ak S= − φ θw w w Ak C= −


Governing Equation:


( )


R
C
t


v
C
x


D
C
x


k C k K C


v
C
x


D
C
x


k R k C


A
w


A
w


A
w A


B


w
s d A


w
A


w
A


w s A


∂
∂


∂
∂


∂
∂


ρ
θ


∂
∂


∂
∂


= − + − −


= − + − + −


2


2


2


2 1( )


SA


CA CB


SD


Kd


ks


kw


All degradation terms can be written
in reference to aqueous phase
concentration because sorption is
“instantaneous.”
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Nonequilibrium Sorption:


Sink terms:


φ ρs B s Ak S= − φ θw w w Ak C= −


Governing Equations:


∂
∂


ρ
θ


∂
∂


∂
∂


∂
∂


ρ
θ


C


t


S


t
v


C


x
D


C


x
k C k SA B


w


A
w


A
w


A
w A


B


w
s A+ = − + − −


2


2


( )∂
∂
S


t
k K C S k SA


d A A s A= − −2


Since solute in water and solid phases are not at equilibrium,
separate MBE’s (including decay terms) are written for each phase
and are solved simultaneously.


Questions:
• What is the water phase MBE?
• Is decay likely to occur in the sorbed phase?


SA


CA CB


SD


k1


ks


kw


k2


Total
medium


MBE


Solid phase
MBE
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MOMENT ANALYSIS:


• Laboratory column studies and field site investigations
give us distributions of contaminant concentration in
time and space.


• Can we use this data to determine solute transport
parameters?


Temporal moments:  Moments based on concentration
histories of a solute at a given location (a.k.a. breakthrough
curve).  (e.g.: plume moving past a well; column effluent)


Data:


Absolute temporal moments: Units:


Zero moment: M Cdtt0 0, =
∞


∫      [ mass•t/L3 (water) ]


First moment: M C t dtt1 0, =
∞


∫     [ mass•t2/L3 (water) ]


Second moment: M C t dtt2
2


0, =
∞


∫     [ mass•t3/L3 (water) ]


C


t


Influent to
column, CIN Effluent from


column, C
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Normalized Moments: Units:


First Moment: ′ =µ1
1


0
,


,


,
t


t


t


M


M [ t ]


Second Moment: ′ =µ 2
2


0
,


,


,
t


t


t


M


M [ t2 ]


Central Moments: Units:


Second Moment: ( )µ µ µ2 2 1


2


, , ,t t t= ′ − ′ [ t2 ]


But what does it mean?


For a 1-D system experiencing local equilibrium (i.e., a
laboratory column):


• Zero Absolute Moment:  → mass


Total mass of solute = M0,t • Q (Q = flow rate)


Can use information to check for mass balance.


• First Normalized Moment: → travel time (“R”)


µ′1,t = time when “half” the mass in system has passed the
observation location (actually, center of mass of
breakthrough curve).
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If the solute is not retarded (R = 1):
   D = eff. Dispersion coef.


′ = +µ1 2


2
,t


L


v


D


v    v = eff. gw velocity


   L = column length
If the solute is retarded (R > 1):


′ = +







µ1 2


2
,t R


L


v


D


v


Second Central Moment: →Dispersion coefficient (R = 1)


µ2 3


2


4


2 8
,t


DL


v


D


v
= −


Do experiments with sorbing and nonsorbing solutes
Analyze effluent data using moment analysis to:


• Make conclusions regarding mass balance
• Estimate retardation factor
• Estimate dispersion coefficient


Questions:


Why is the mean travel time dependent on dispersion
coefficient?


How does the 2nd central moment change if R > 1?


Assumes
dirac load,
±∞ column
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Spatial Moment Analysis:


Absolute moments (x direction, 1-D): Units:


Zero moment: M Cdxx0, =
−∞


∞


∫      [ mass•Lx/L w
 3 ]


First moment: M C x dxx1, =
−∞


∞


∫     [ mass•L x
 2/L w


 3
 ]


Second moment: M Cx dxx2
2


, =
−∞


∞


∫     [ mass•L x
 3/L w


 3
 ]


Absolute moments (x direction, 3-D):


Zero moment: M C dx dy dz0 0 0, , =
−∞


∞


−∞


∞


−∞


∞


∫∫∫
First moment: M xC dx dy dz1 0 0, , =


−∞


∞


−∞


∞


−∞


∞


∫∫∫
Second moment: M x C dx dy dz2 0 0


2
, , =


−∞


∞


−∞


∞


−∞


∞


∫∫∫


Units:  M0,0,0 : [ M Lm
3/ Lw


3] M1,0,0 : [ M Lm
4/ Lw


3]
    M2,0,0 : [ M Lm


5/ Lw
3]
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Normalized Spatial Moments:


First Moment: ′ =µ1
1


0
,


,


,
x


x


x


M


M [ Lx ]


Second Moment: ′ =µ 2
2


0
,


,


,
x


x


x


M


M [ Lx
2 ]


Central Moments: Units:


Second Moment: ( )µ µ µ2 2 1


2


, , ,x x x= ′ − ′ [ Lx
2 ]


How can we use spatial moments?


• Mass of plume in aqueous phase, Mw = M1,x θw


• Location of center of mass of plume = µ′1,x


 


• Spread of plume = µ2,x


If you have spatial data collected at “snap shots” in time
(synoptic data).....


∂µ
∂


′
= =1,


,
x


effective x
w


t
v


v


R         solute velocity in x direction


1
2


2∂µ
∂


,
,


x
effective x


x


t
D


D
R


= ≈   effective dispersion--all sources


(not just hydrodynamic)


Reference: Goltz and Roberts, WRR, 23:1575-1585, 1987





